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AUSTRACT
I n  t h i s  d i s s e r t a t i o n  we a r e  c o n c e r n e d  w i t h  t h r e e  
p h a s e s  o f  t o p o l o g i c a l  a n a l y s i s  „ The  f i r s t  p h a s e ,  d e v e l o p e d  
I n  C h a p t e r s  1 and  2 ,  I s  d e v o t e d  t o  t h e  l i n e  c f  t h o u g h t  
d e v e l o p e d  by  Whybur n  I n  h l s  T o p o l o g l c a l  A n a l y s t  s . I n  C h a p t e r s  
1 and  2 we d e v e l o p  a  t o p o l o g i c a l  a n a l o g u e  o f  t h e  l i n e  i n t e g r a l  
and  by u s i n g  " l o c a l "  I n v e r s e s  o f  t h e  e x p o n e n t i a l  f u n c t i o n  
we o b t a i n  W h y b u r n ' s  t o p o l o g i c a l  I n d e x .  M a k i n g  u s e  o f  a n t i ­
d e r i v a t i v e s  o f  d i f f e r e n t i a b l e  f u n c t i o n s  we o b t a i n  c l o s e  
a n a l o g u e s  o f  t h e  c l a s s i c a l  l i n e  i n t e g r a l  and t h e  Ca u c h y  
I n t e g r a l  F o r m u l a .  U s i n g  t h e s e  I n t e g r a l  a n a l o g u e s  and  a 
m o d i f i c a t i o n  o f  a s t a n d a r d  p r o o f  o f  t h e  R l e m a n n  M a p p i n g  
T h e o r e m ,  we o b t a i n  a  new p r o o f  o f  t h e  p o w e r  s e r i e s  e x p a n s i o n  
o f  a d i f f e r e n t i a b l e  f u n c t i o n  i n d e p e n d e n t  o f  t h e  t wo p r o o f s  
o f  P o r c e l l l  and  C o n n e l l .  We a l s o  u s e  t h e s e  t e c h n i q u e s  t o  
o b t a i n  t h e  L a u r e n t  e x p a n s i o n .
The  s e c o n d  p h a s e  I s  c o n c e r n e d  w i t h  t h e  r e m o v a b l e  
s i n g u l a r i t y  p r o b l e m .  The s e t t i n g  o f  t h i s  p r o b l e m  c o n s i s t s  
o f  h a v i n g  a  c l o s e d  s u b s e t  A o f  t h e  c l o s u r e  TJ o f  t h e  u n i t  
d i s k  U a nd  a  c o n t i n u o u s  f u n c t i o n  f  on  U d i f f e r e n t i a b l e  on  
U-A.  The  p r o b l e m  i s  t o  f i n d  c o n d i t i o n s  on  f  o r  A s o  t h a t  
f  I s  d i f f e r e n t i a b l e  on  U. E x a m p l e s  d e v e l o p e d  by  D e n j o y  show 
t h a t  c o n d i t i o n s  n e e d  t o  be  I m p o s e d . Cu r  m a i n  r e s u l t s  I n  t h i s
d i r e c t i o n  c o n s i s t  o f  two s e t s  o f  c o n d i t i o n s  w h i c h  e n a b l e  
us  t o  c o n c l u d e  t ha t ,  ■” l a  d i f f e r e n t i a b l e  on U. One c o n s e q u e n c e  
o f  o u r  c o n d i t i o n s  i s  a  new p r o o f  f o r  t h e  c a s e  w h e r e  A i s  
a r e c t i f i a b l e  a r c  d i v i d i n g  U i n t o  two d i s j o i n t  r e g i o n s .
The  l a a t  p h a s e  o f  o u r  wor k  i s  i n v o l v e d  w i t h  a n  e x t e n s i o n  
o f  t h e  r e m o v a b l e  s i n g u l a r i t y  p r o b l e m . ,  More  p r e c i s e l y ,  s u p p o s e  
A i s  a  c l o s e d  n o w h e r e  d e n s e  s u b s e t  o f  U and  f l e a  f u n c t i o n  
d e f i n e d  on  U a n d  d i f f e r e n t i a b l e  on U-A.  What  c a n  b e  s a i d
t
a b o u t  f  and A'; We a r e  a b l e  t o  c h a r a c t e r i z e  A t o p o l o g i c a l l y  
i f  we r e q u i r e  f  t o  be  t h e  l i m i t  o f  a p o l n t w l s e  c o n v e r g e n t  
s e q u e n c e  o f  a n a l y t i c  f u n c t i o n s  d e f i n e d  on an  o p e n  s e t  
c o n t a i n i n g  U and A t o  b e  t h e  se t .  o f  a l l  p ) o l n t s  o f  U f o r  
w h i c h  t h i s  s e q u e n c e  f a l l s  t o  l o c a l l y  c o n v e r g e  u n i f o r m l y .
T h r e e  n e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n s  a r e  g i v e n .  Our  
c h a r a c t e r i z a t i o n  I s  u n c h a n g e d  i f  we c o n s i d e r  p o l n t w l s e  
c o n v e r g e n t  s e q u e n c e s  o f  o p e n  m a p s .  S e t s  s u c h  a s  t h e  u n i v e r s a l  
p l a n e  c u r v e  a r e  r e a d i l y  e x c l u d e d  f r om c o n s i d e r a t i o n  b e c a u s e  
o f  an  e x c e s s  o f  " f i n e "  s t r u c t u r e
v
INTRODUCTION
I n  t h i s  d i s s e r t a t i o n  we a r e  c o n c e r n e d  w i t h  t h r e e  p h a s e s  
o f  t o p o l o g i c a l  a n a l y s i s .  The f i r s t  p h a s e ,  d e v e l o p e d  I n  
C h a p t e r s  1 and 2 ,  I s  d e v o t e d  t o  t h e  l i n e  o f  t h o u g h t  d e v e l o p e d  
by Whyburn  I n  h i s  T o p o l o g i c a l  A n a l y s i s . I n  C h a p t e r s  1 and 2 
we d e v e l o p  a t o p o l o g i c a l  a n a l o g u e  o f  t h e  l i n e  i n t e g r a l ,  and 
by  u s i n g  " l o c a l "  I n v e r s e s  o f  t h e  e x p o n e n t i a l  f u n c t i o n  we 
o b t a i n  Whyburns  t o p o l o g i c a l  ( c i r c u l a t i o n )  i n d e x .  Ma k i ng  u s e  
o f  a n t i d e r i v a t i v e s  o f  d l f f e r e n t l a b l e  ' f u n c t l o n s  we o b t a i n  
c l o s e  a n a l o g u e s  o f  t h e  c l a s s i c a l  l i n e  I n t e g r a l  and  t h e  Ca uc hy  
I n t e g r a l  F o r m u l a .  U s i n g  t h e s e  I n t e g r a l  a n a l o g u e s  and  a mod­
i f i c a t i o n  o f  a s t a n d a r d  p r o o f  o f  t h e  R i e ma nn  Ma p p i n g  T h e o r e m ,  
we o b t a i n  a new p r o o f  o f  t h e  p o w e r  s e r i e s  e x p a n s i o n  o f  a  
d i f f e r e n t i a b l e  f u n c t i o n  I n d e p e n d e n t  o f  t h e  two p r o o f s  o f  
P o r c e l l l  and C o n n e l l .  We a l s o  u s e  t h e s e  t e c h n i q u e s  t o  
o b t a i n  t h e  L a u r e n t  e x p a n s i o n .
The s e c o n d  p h a s e  i s  c o n c e r n e d  w i t h  t h e  r e m o v a b l e  
s i n g u l a r i t y  p r o b l e m .  The s e t t i n g  o f  t h i s  p r o b l e m  c o n s i s t s  
o f  h a v i n g  a c l o s e d  s u b s e t  A o f  t h e  c l o s u r e  U o f  t h e  u n i t  
d i s k  U and  a c o n t i n u o u s  f u n c t i o n  f  o n  U d i f f e r e n t i a b l e  on  
U-A.  The  p r o b l e m  i s  t o  f i n d  c o n d i t i o n s  on f  o r  A so  t h a t  
f  I s  d i f f e r e n t i a b l e  on  U. E x a m p l e s  d e v e l o p e d  by  D e n j o y  Bhow 
t h a t  c o n d i t i o n s  n e e d  b e  I m p o s e d .  Our  m a i n  r e s u l t s  I n  t h i s
1
d i r e c t i o n  c o n s i s t s  o f  two s e t s  o f  c o n d i t i o n s  w h i c h  e n a b l e  
us  t o  c o n c l u d e  t h a t  f  I s  d i f f e r e n t i a b l e  on U. One c o n s e q u e n c e  
o f  o u r  c o n d i t i o n s  i s  a new p r o o f  f o r  t h e  c a s e  when A I s  a 
r e c t i f i a b l e  arc  d i v i d i n g  U I n t o  two d i s j o i n t  r e g i o n s .
The l a s t  p h a s e  o f  o ur  work I s  I n v o l v e d  w i t h  an e x t e n s i o n  
o f  t h e  r e m o v a b l e  s i n g u l a r i t y  p r o b l e m .  More p r e c i s e l y ,  s u p p o s e  
A I s  a c l o s e d  nowhe re  d e n s e  s u b s e t  o f  15 and f  I s  a f u n c t i o n  
d e f i n e d  on 13 and d i f f e r e n t i a b l e  on U-A.  What can be  s a i d  
a b o u t  f  and A. We a r e  a b l e  t o  c h a r a c t e r i z e  A t o p o l o g i c a l l y  
1 f  we r e q u i r e  f  t o  be  t h e  l i m i t  o f  a p o l n t w l s e  c o n v e r g e n t  
s e q u e n c e  o f  a n a l y t i c  f u n c t i o n s  d e f i n e d  on an o p e n  s e t  
c o n t a i n i n g  U and A t o  be  t h e  s e t  o f  a l l  p o i n t s  o f  15 f o r  
wh ic h  t h i s  s e q u e n c e  f a l l s  t o  l o c a l l y  c o n v e r g e  u n i f o r m l y .
Three  n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  a r e  g i v e n .  Our 
c h a r a c t e r i z a t i o n  i s  unch ang ed  i f  we c o n s i d e r  p o l n t w l s e  
c o n v e r g e n t  s e q u e n c e s  o f  open  maps .  S e t s  su ch  a s  t h e  u n i v e r s a l  
p l a n e  c u r v e  a r e  r e a d i l y  e x c l u d e d  from c o n s i d e r a t i o n  b e c a u s e  
o f  an e x c e s s  o f  " f i n e "  s t r u c t u r e .
L e t  K d e n o t e  t h e  co mp lex  numbers ,  and to t h e  p o s i t i v e  
i n t e g e r s .  For r > 0 , l e t  Ur d e n o t e  t h e  I n t e r i o r  o f  t h e  
c i r c l e  Cr  w i t h  c e n t e r  0 and r a d i u s  r .  We s h a l l  g e n e r a l l y  
w r i t e  U f o r  U-^  and C f o r  C^.  For z e K, l e t  Px ( z )  d e n o t e  
t h e  r e a l  p a r t  o f  z ,  and ( z:) d e n o t e  t h e  I m a g i n a r y  p a r t  o f  
z .  For  r  > 0 ,  and z e K, l e t  Pr ( z )  = z ,  i f  | z |  < r ,  and 
Pr ( z )  = r  z / | z |  I f  | z |  > r .  L e t  I d e n o t e  t h e  I n t e r v a l  [ 0 , 1 ] ,  
and l e t  Q, d e n o t e  I x  I .  I f  M and N a r e  s u b s e t s  o f  K, we
3l e t  x ( M , N ) d e n o t e  s u p x e M j y eN | x - y ! .
Let ,  K. be  a c o m p a c t  R e t ,  By t h e  i n t e r i o r  X ( M} o f  M, we 
s h a l l  mean t h e  u n i o n  o f  t h e  b o u n d e d  c o m p o n e n t s  o f  X-M.  By 
t h e  e x t e r i o r  F ( K )  o f  K we s h a l l  mean t h e  u n i o n  o f  t h e  
u n b o u n d e d  c o m p o n e n t s  o f  K-M. By t h e  o u t e r  b o u n d a r y  B(M) o f  
M, we s h a l l  mean  t h e  s e t  eTm") -  E( M) .  We s h a l l  c a l l  a  s e t  
R c  X,  a  c i r c u l a r  r e p l o n ,  I f  t h e r e  e x i s t s  a c i r c l e  T,  s u c h  
t h a t  R = I ( T ) .  I f  H l a  a s u b s e t  o f  K, t h e n  m(K) s h a l l  d e n o t e  
t h e  p l a n a r  L e b e a p u e  m e a s u r e  o f  H. U n l e s s  o t h e r w i s e  s t a t e d  
p o i n t  s e t s  s h a l l  b e  c o n s i d e r e d  a s  s u b s e t s  o f  X.
U n l e s s  o t h e r w i s e  s t a t e d  t h e  r a n e e  o f  a f u n c t i o n  d e f i n e d  
on  a  s u b s e t  o f  K s h a l l  l i e  i n  K,  L e t  A c B c K and l e t  f  
b e  a  f u n c t i o n  d e f i n e d  on  B.  Then  f | U  s h a l l  d e n o t e  t h e  f u n c t i o n  
g on A, s u c h  t h a t  p ( z )  -  f ( z )  f o r  a l l  z e A. L e t  f  a nd  g 
be  f u n c t i o n s  on  s u b s e t s  o f  K, s u c h  t h a t  t h e  r a n g e  o f  p l i e s  
I n  t h e  d o m a i n  o f  f .  Then  fp, s h a l l  d e n o t e  t h e  f u n c t i o n  h ,  
s u c h  t h a t  h ( z )  -- f ( g ( z ) )  f o r  a l l  ?. I n  t h e  d o m a i n  o f  p .  F o r  
z e K,  l e t  I ( z )  -  7 ,  L e t  f  be  a f u n c t i o n  d e f i n e d  on  a  s e t  
B I n  K, I n t o  K, 11 f  i s  c o n t i n u o u s  we s h a l l  c a l l  f a  map 
o f  S; f  I s  c a l l e d  a n  o p e n  map I f  f  i s  a map,  and f ( V )  i s  
o p e n  f o r  a l l  o p e n  s e t s  V u p ; f  i s  r a i l e d  a l i g h t  map i f  
f I s  n o n c o n s t a n t  on any  n o n d o p e n e r s t o  c o n t i n u u m  I n  d o m a i n  f 
( c f . [ 9 ] ,  p .  7 5 ) . 1
■^Numbers I n  b r a c k e t s  r e f e r  t o  c o r r e s p o n d i n g l y  
n u m b e r e d  b i b l i o g r a p h i c a l  r e f e r e n c e s .  As a b o v e ,  [ 9 ]  r e f e r s  
t o  r e f e r e n c e  9 m  t h e  S e l e c t e d  B i b l i o g r a p h y .
CHAPTER I
We s h a l l  f i r s t  d e r i v e  a  t o p o l o g i c a l  a n a l o g u e  t o  t h e  
l i n e  I n t e g r a l .  The  a n a l o g u e  I s  m o t i v a t e d  by t h e  n o t i o n  o f  
a n a l y t i c  c o n t i n u a t i o n .
D e f i n i t i o n  1 . 1 .  L e t  S b e  a n  o p e n  s e t  and F a c o l l e c t i o n  
o f  f u n c t i o n s  on s u b s e t s  o f  K.  Then  t h e  s t a t e m e n t  t h a t  F I s  
a  Cg c o l l e c t i o n  s h a l l  mean t h a t  f o r  f  e F,  f  l a  a  map d e f i n e d  
on a n  o p e n  s e t  S f  c. s ,  t h a t  S = S f p and  t h a t  f , g  e F,
3 f  fl Sg  ^ 0  I m p l i e s  t h a t  t h e r e  e x i s t s  c e K, s u c h  t h a t  f ( x )
= g ( x )  + r. f o r  a l l  x e Sj* D S^..  L e t  h b e  a  map o f  t h e  I n t e r ­
v a l  [ a » b ]  i n t o  S,  a n d  a = t 0 < tj_ < . . .  < t n + i  = b b e  a
s u b d i v i s i o n  o f  [ a , b ] .  Then  we s h a l l  s a y  t h a t  t o  < . . .  <
I s  a  s u b d i v i s i o n  o f  [ a , b ] ,  I f  h (  [ t. j  „ t j + x  ] ) £ f o r
snna© f  e F,  f o r  1 = 0 , 1 ,  . . . ,  n .
T h e o r e m  1 . 1 .  L e t  5 b e  a n  o p e n  s e t .  F a Cg c o l l e c t i o n ,  
and  h a map o f  I  I n t o  S.  Then  t h e r e  e x i s t s  a ^ F „ h  s u b d i v i s i o n  
o f  I ,  m o r e o v e r ,  t h e r e  e x i s t s  a  u n i q u e  n u m b e r  J d e n o t e d  by
I q F d h ,  s u c h  t h a t  I f  0 = t 0 < t ^  < . . .  < t n + i  -  1 I s  a  Cp ^
s u b d i v i s i o n  o f  1 ,  a n d  f 0 , f ^ , . . . , f n I s  a  c o l l e c t i o n  o f  
e l e m e n t s  o f  F s u c h  t h a t  h ( [ t 1 ( t 1 + 1 ] c  S f  f o r  1 = 0 , 1 , . . . , n ,  
t h e n  J = f 1 h ( t 1 + 1 ) -  .
P r o o  f . S i n c e  I s  a  c o l l e c t i o n  o f  o p e n  s e t s
•i
5c o v e r i n g  the co m p a c t  aet H = h(I), there exlatB a f i n i t e
f l u b c o l l e c  t l o n  G o f  F,  s u c h  t h a t  H u UgCQ S g .  f h“ ^ ( SgOH}} p q
i s  a f i n i t e  c o l l e c t i o n  o f  op en  s e t B  i n  I c o v e r i n g  I ,  and
n + 1
t h e r e  e x i s t s  a s u b d i v i s i o n  = f ^ l ^ o  0UC  ^ t h a t  f o r
1 = 0 , l , t . l p n ,  h ( [ t i f t 1 + i ] )  & Sg f o r  some g e G. Thus I s  
a Cp^h s u b d i v i s i o n  o f  I .
L e t  Tg = [ v i ] q +1 b e  a h s u b d i v i s i o n  o f  X, and g Q, 
6 l » » » * * 8 q  e l e m e n t s  o f  F s u c h  t h a t  h ( [ v ^ , v 1+ ^ ] )  t. Sg^ f o r  1 = 
0 , 1 , . . . , q .  L e t  = f W1 1o be  ^he  me0b o f  T  ^ and Tg .  T r i v ­
i a l l y  J x = k 1 h(w 1 + 1 J -  = Lq 6 i b ( v 1 + 1 ) -  g ^ v ^ ) ,
wh ere  f o r  1 = 0 , 1 , . . . , p ,  k^ = g j  and J i s  t h e  I n t e g e r  s u c h  
t h a t  [ w i ( w1 + 1 ] & [ v j , V j + 1 ] .  A l s o ,  Jg  = B>ib(w1 + 1 ) -  n ^ h ^ )
= Lq f i h ^ 1 + i )  -  f ^ M t ^ ) ,  wh ere  f o r  1 = 0 , 1 , . . . , , p ,  m^  = f j  
and j i s  t h e  I n t e g e r  s u c h  t h a t  [ w ^ , w ^ + 1 ] c. f t j , t j +^ ] .  L e t  
1 e [ 0 , 1 , . . . , p ] .  Then f rom D e f i n i t i o n  1 . 1 ,  t h e r e  e x i s t s  c e 
K ,  s u c h  t h a t  ( x ) = k ^ ( x )  + c f o r  a l l  x e Sm  ^ n 
M  Cwi  * wi  + l l  ) • Thus n ^ M w j + i )  -  m j h t w j )  = k 1h(w l + l )  “ ^1 h ( w 1 ) ,  
and c o n s e q u e n t l y  mus t  be  e q u a l  t o  J g .  Thus I q  F dh i s  
u n i q u e l y  d e t e r m i n e d .
The f o l l o w i n g  t h e o r e m  shows  t h a t  J I s  I n v a r i a n t  u n d e r  
h o m o t o p i c  d e f o r m a t i o n .
Theorem 1 . 2 .  L e t  h be  a map o f  Q I n t o  an open s e t  S 
s u c h  t h a t  h s a t i s f i e s  o ne  o f  t h e  f o l l o w i n g :  ( l j  h ( 0 , 0 )  = 
h ( 0 , t )  and h ( l , 0 )  = h ( l , t )  f o r  t e l ,  o r  ( 2 )  h ( 0 , t )  = h ( l , t )  
f o r  t e l .  L e t  h ^ ( x )  = h ( x , t )  f o r  a l l  ( x , t )  e Q,, and l e t  F
b e  a Cg c o l l e c t i o n .  Then Iq  F dhQ = I q  F dh ^ .
ft
P r o o f . I f  t  e t h e n , ,  by T h e o r e m  1 . 1 . ,  t h e r e  e x i s t s  
a  s u b d i v i s i o n  0 -  xo < < xn + l ~ ^ * arK* fo* **1» ‘ *
f n e F,  s u c h  t h a t  h ^ { [  , xj_ +i  ] ) t. f o r  1 = 0 , 1 ,
Thus  [ h ^ ~ * ( Rf  n h ( W ) }q I s  a c o l l e c t i o n  o f  o p e n  s e t s  I n  0 
c o v e r i n g  {_t j x  l t a n d  h e n c e  t h e r e  e x i s t s  a n  o p e n  s e t  t  
X c o n t  a  1 n 1 n g 1 ,  s u c h t  ha  t  S p [ x 1 , x 1 + x ]  t  h " 1 ( S f 1 n h ( Q ) )
f o r  1 = 0 , 1 ..............n .
L e t  u , v  £ S t . Then  f o r  1 = 0 t l , „ o . , n ,  t h e r e  e x i s t s  Cj
e & s u c h  t h a t  f j _ ( z )  = f j + i ( z )  + c^ f o r  z e Rf^ fl s f 1 + ^*
H e n c e  we h a v e
1 I  F d h u - I I  F d h v = C^c  f l hu t x i +1)  ~ f l h v ( x l ) ]  ~
[ L q f i hv ^ x l + l ^  ' f l hv ^ x i ^
=  L q  [ f “ l h u ( * i )  ■“  f 1 h v ( x 1 ) ]  +
^ f l h u ( x l +l ) •  f i h u ( x l ) ]  4 
[ f 1 h v ( x 1 + i > -  +
[ f 1 h v ( x 1 + 1 ) -  f i h y i x j ^  ) ]
= o .
S i n c e  I  i s  c o m p a c t s  a n d  U^£ j  = 1 1 t h e r e  e x i s t s  a  s u b ­
d i v i s i o n  t 0 < . . .  < t  i  o f  I  s u c h  t h a t  f o r  1 = 0 , l , . o . , m ,  
[ t | , t i +i ]  4- R  ^ f o r  some t e l .  T h u s  c l e a r l y  I q F dhQ = I q F d h p .
T h e o r e m  1 . 3 .  L e t  S b e  a n  o p e n  a e t ,  F a Cg c o l l e c t i o n ,
T a  s i m p l e  c l o s e d  c u r v e ,  P a  c i r c l e  w i t h  c e n t e r  z Q a nd  r a d i u s  
r  l y i n g  I n  I ( T ) „  a n d  h a  map o f  M = I ( T ) -  I ( P )  I n t o  3 .  L e t  
a  and  b b e  d i s t i n c t  p o i n t s  o f  T and  l e t  A a n d  B b e  d i s t i n c t  
s u b a r c s  o f  T w i t h  e n d p o i n t s  a  a n d  b .  T h e n  J = 1 ^  F d h ^  +
I p  F d h g  -  + I q F d h k .  w h e r e  = h | A p hg = h | B ,  and  k ( t )  =
7r E ( 2 r r i t )  + z Q f o r  t  e I ;  m o r e o v e r .  I f  v l e  a map o f  T U I ( T )  
I n t o  3 ,  t h a n ,  u p o n  r e p l a c i n g  h by v , J :  Ot
P r o o f .  L e t  0 < r  < 1 a n l  g b e  a h o me o mo r p h l s m o f  M o n t o  
N -- TJ Ur  o b t a i n e d  i n  t h e  f o l l o w i n g ,  manner . ,  L e t  and A,> 
b e  l i n e  s e g m e n t s  w i t h  e n d p o i n t s  z 0 + l r  and  a ,  and  z Q- l r  and  b 
r e s p e c t i v e l y ,  e a c h  I n t e r s e c t i n g  T I n  e x a c t l y  on e  p o i n t .
Then  ( c f .  [ 9 ] ,  p .  3 1 )  t h e r e  e x i s t  d i s t i n c t  s u b a r c s  A^ and  
o f  P w i t h  e n d p o i n t s  z 0 - l r  and z Q+ l r v and d i s t i n c t  s u b a r c s
Ac, a nd  A^ o f  T w i t h  e n d p o i n t s  a  and  b ,  s u c h  t h a t  t h e  s i m p l e
c l o s e d  c u r v e s  T^ = A^UAjUArjUA*, and  T2 = A^UA^UAgUA^ a r e  s u c h  
t h a t  I ( T X) n I ( T 2 ) = 0 „ and  I ( )  0 I ( P )  = 0 f o r  1 = 1 , 2 .  
S i m i l a r  s i m p l e  c l o s e d  c u r v e s  and  V2 a r e  f o r me d  f o r  N.
I f  g Q I s  a  s u i t a b l e  h o me o mo r p h l s m o f  U o n t o  U T2 , 
t h e n  we e x t e n d  g G t o  t h e  I n t e r i o r s  o f  V-  ^ and  V2 , o b t a i n i n g  
t h e  d e s i r e d  h o me o mo r p h l s m ( c f . [ 9 ] ,  p p .  3 4 - 3 5 ) .
F o r  ( x , t )  e Q, l e t  w ( x , t ) = hg[  ( t + r - r t ) E( 2 t t I x  ) ] . Then 
w ( x , l )  = h g E ( 2 n l x )  f o r  x e L, and w ( 0 , t )  -  w ( l e t )  f o r  t e l .  
He nc e  f r om Th e o r e m 1 . 2 ,  s i n c e  w^ and w^ a r e  h o m e o m o r p h l s m s (
J  =  1  F  d w l  ~ I 0  F  d w 0  " -  * 0  ^  d h k '
To h a n d l e  t h e  c a s e  I n v o l v i n g  v „ we t a k e  w ( x , t )  = h g [ t  •
E( 2rrl x ) ] f o r  ( x t t ) e W- I n  t h i s  c a s e  J - _+ 1^ F J w (] - o ,
w h e r e  Wq ( x ) = w ( x , 0 )  = h g ( 0 )  f o r  a l l  x e I .
I n  T h e o r e m 1 . 4  we show t o  w h a t  e x t e n d  J i s  I n d e p e n d e n t  
o f  t h e  c h o i c e  o f  p a t h .  I n  Th e o r e m 1 . 5  we a p p l y  T h e o r e m  1 . 4  
t o  o b t a i n  a n  a n a l o g u e  t o  t h e  Monodromy t h e o r e m .
8T h e o r e m 1 . 4 .  L e t  S b e  a  c o n n e c t e d  a n d  s i m p l y  c o n n e c t e d
op e n  s e t ,  F a C,. c o l l e c t i o n ,  and h and  k maps  o f  I  I n t o  S,  
s u c h  t h a t  h ( 0 )  = k ( 0 )  and  h ( 1 )  = k ( l ) .  Then  I q F d h  = i j  F d k .
P r o o f ,  M - h ( I )  U k ( l )  I s  a  s u b c o n t l n u u m  o f  S and 
* ( M, K- S )  = c > 0 .  I t  f o l l o w s  f r om t h e  Z o r e t t i  T h e o r e m ( c f .
[ 9 ] ,  p .  3 5 ) ,  t h a t  t h e r e  e x i s t s  a  s i m p l e  c l o s e d  c u r v e  T,  
s u c h  t h a t  M c. I ( T ) ,  and  f t ( x , K - S )  > e / 2  f o r  x e T.  Thus  T 
5- 3 and h e n c e  1{T)  c. S . T h e r e  e x i s t s  a h o me o mo r p h l s m w o f  
I ( T )  o n t o  U ( c f .  [ 9 ] ,  p .  3 8 ) .  F o r  ( x , t )  e Q, l e t  h ( x , t )  -  
w ~ l [ t * w k ( x )  4 ( l - t ) w h ( x ) ] .  C l e a r l y  h I s  a  map o f  Q I n t o  S .
Now h 0 ( x )  = w " ^ [ 0 » w k ( x )  + ( l - O ) w h ( x ) ]  = w " ^ [ w h ( x ) ]  = h ( x )  
f o r  x e I .  S i m i l a r l y  h ^ ( x )  = k ( x )  f o r  x e I .  He nce  f r o m 
Th e o r e m 1 . 2 ,  I *  F d h  = i j  Fd hQ = i j  F d h x = i j  F d k .
Theor e m 1 . 5 .  L e t  S be  a c o n n e c t e d  and  s i m p l y  c o n n e c t e d  
o p e n  s e t  and  F a  C0> c o l l e c t i o n .  Then  t h e r e  e x i s t s  a  map g 
o f  S I n t o  K s u c h  t h a t  I f  f  e F and  R l a  a  c o m p o n e n t  o f  Sj. ,  
t h e n  t h e r e  e x i s t s  c e K s u c h  t h a t  f ( x )  = g ( x )  + c f o r  a l l  x 
e R.
P r o o f . L e t  x Q c S ,  g ( z Q) = 0 ,  and z e S - f z cJ • s l n c e
3 I s  c o n n e c t e d ,  t h e r e  e x i s t s  a n  a r c  Az <- 8 w i t h  e n d p o i n t s
z Q and  z .  L e t  h z be  a h o me o mo r p h l s m o f  I o n t o  Az s u c h  t h a t  
h z ( 0 )  = z Q and  h z ( l )  = z .  S e t  g ( z )  = I q  F d h z .
L e t  x 0 e S.  T h e r e  e x i s t s  f  e F s u c h  t h a t  x c  e S ^ .  L e t  
y b e  a p o i n t  o f  t h e  c o m p o n e n t  R o f  c o n t a i n i n g  x 0 . T h e r e
e x i s t s  a n  a r c  B t  R w i t h  e n d p o i n t s  x G and  y .  I f  k I s  a
9h o me o mo r p h l s m o f  I  o n t o  B s u c h  t h a t  k ( 0 )  = x 0 and  k ( l )  = 1,  
t h e n  f rom Th e o r e m 1 , 4 ,
g ( y )  -  i j  F d h y l j  F d h XQ + i j  F dk
-  l i  F d h Xo 4 [ f l y )  - f  I x 0 ) j .
I f  c -  I q  F d h Xo f  ( x Q) , t h e n  f o r  a l l  y c R,  we h a v e  g ( y )  =
f ( y )  + c . Thus  g I s  t h e  d e s i r e d  f u n c t i o n .
So f a r  s t r i c t l y  s p e a k i n g  we h a v e  b e e n  d e a l i n g  w i t h  an  
a n a l o g u e  o f  t h e  S t l e l t j e s  I n t e g r a l ,  We s h a l l  now show t h a t  
a n  a n a l o g u e  t o  t h e  I n t e g r a l  a l o n g  an  a r c  f a l l s  o u t  o f  o u r  
I n i t i a l  d e f i n i t i o n .
T h e o r e m l„f>,  S u p p o s e  S I s  an  o p e n  s e t ,  F a c o l l e c t i o n ,
and  A a n  a r c  i n  G w i t h  e n d p o i n t s  a and  b .  Then  t h e r e  e x i s t s
a  u n i q u e  n u m b e r  i!? F d z  s u c h  t h a t  I f  h I s  a map o f  I  o n t oa A
A s a t i s f y i n g  h ( 0 )  = a and h ( l )  = b ,  t h e n  1^  F d z  = l i  F d h .
P r o o f . I f  n t  ii'( t h e n  f r om t h e  7 o r e t t , l  T h e o r e m,  t h e r e  
e x i s t s  a  s i m p l e  c l o s e d  c u r v e  Cn s u c h  t h a t  A c.(Cn ) and f i ( x , A)
< 1 / n  f o r  a l l  x f c n . Gu p p o s e  x r K A, G l n c e  K- A I s  c o n n e c t e d  
( c f ,  [ 9 ] ,  p .  2 9 )  , t h e r e  e x i s t s  an  a r c  B w i t h  e n d p o i n t s  r. 
a nd  y ,  s u c h  t h a t  B n A - 0 and | y |  "■ | t |  + 2 .  He nce
y i  Hn = Cn li 1 ( C n ) f o r  a l l  n c <>•. F o r  n -> M a Pb j ” \  n c i r , 
we h a v e  a ( z , a )  < 1 / n  < !*,(a„B) f o r  a l l  z  e Cn , and  h e n c e  
Cn n B = 0 ,  c o n s e q u e n t l y  x { Thus  f l ^°Hn  = A.  Now n ®
[Hn n (K- s ) ] = (k-g) n [nJ°Hn ] = (k-s) n a c (k-s) n a = 0; 
a l s o  Hn + -^  n ( K- S)  o Hn n ( K- S )  f o r  n e uu. H e n c e  t h e r e  e x i s t s  
n 0 e tu s u c h  t h a t  Hrio 0 ( K- S )  = 0,  and  c o n s e q u e n t l y  HnQ c G.
1 0
L o t  h and  k b e  maps  o f  1 o n t o  A s u c h  t h a t  h ( 0 )  = k ( 0 )  - a
1 l
and h ( l )  -- k { 1 } = b Then f r o m Th e o r e m 1 . 4 ,  I F d h  ~ I q F dk , 
and  h e n c e  1^ F d z  l a  u n i q u e l y  d e f i n e d .
D e f i n i t i o n  1 . 0 .  Let.  :: be  an o p e n  s e t ,  z Q f K, and  F a 
c o l l e c t i o n  o f  f u n c t i o n s  on e u b s e t a  o f  K.  Then  t h e  s t a t e m e n t  
t h a t  F l e  a n  Lg z c o l l e c t i o n  me a n s  t h a t  F I s  a  c g - { z 0 ] 
c o l l e c t i o n  s u c h  t h a t  E f ( z  ) = z f o r  f  e F and z f
T h e o r e m  1. . 7,  I f  S i s  a n  ope n  s e t  i n  K and  z 0 e K, t h e n
t h e r e  e x i s t s  a n  Lt, c o l l e c t i o n . ,  M o r e o v e r  I f  h I s  a map o fo y Z o
I  I n t o  K and z 0 £ K - h ( I ) l t h e n  t h e r e  e x i s t s  a u n i q u e  
n u m b e r  J v s u c h  t h a t  I f  8 i s  a n  o p e n  s e t  c o n t a i n i n g  h ( I )  and 
F I s  a n  Lg z c o l l e c t i o n ,  t h e n  J -  I q F d h  = Onl  p j ( h pz 0 ) ,  w h e r e  
u d e n o t e s  W h y b u r n ' s  t o p o l o g i c a l  I n d e x  ( c f .  [ 9 ] ,  p .  5 8 ) .
F i n a l l y ,  I f  h ( 0 )  = h ( 1 ) „ t h e n  J -  P n n i  f o r  some I n t e g e r  n .
P r o o f . F o r  z e K, l e t  F ( z )  -  z - z Q and y e S- f z 0 ] . Then
P ( y )  ^ 0* and t h e r e  e x i s t s  x e K r s u c h  t h a t  E ( x )  = P ( y ) .  Now 
t h e r e  e x i s t s  a n  o p e n  s e t  V c o n t a i n i n g  x Q s u c h  t h a t  E l s a  
h o m e o m o r p h l s m  on V.  S i n c e  E i s  a n  o p e n  map,  E(V)  l s  a n  o p e n
s e t  c o n t a i n i n g  P ( y ) ,  s o  t h e r e  e x i s t s  a  c i r c u l a r  r e g i o n  Rv
c o n t a l n l n g  y and l y i n g  i n  7 P ^ E ( b ) „  He n c e  t h e r e  e x i s t s  
a  map f  o f  F ( R y )  i n t o  K, s u c h  t h a t  E f ( z )  = z f o r  a l l  z e 
P ( R y ) .  L e t  f  d e n o t e  t h e  f u n c t i o n  fP„ T h e n  Ef  ( z ) = E f P ( z )* J J
= P ( z ) = z - z Q f o r  a l l  z f Ry,
L e t  u , v  t  S a n d  z e Ru n Rv . Then  E f u ( z )  = E f y ( z ) =
z - z G, and  t h u s  E [ f u ( z )  - f v ( z ) ]  - ( z - z 0 ) / ( z - z c ) = l t and
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c o n s e q u e n t l y  f u (z.) ~ f  v ( z ) + 2 i r n ( z ) l ,  w h e r e  n l z )  l s  a n
I n t e g e r ,  Then  n = ( ; ’n l ) * ^ ( r  - f  v ) l s  a c o n t i n u o u s  f u n c t  i o n
on t h e  c o n n e c t e d  s e t  Ku n Rv and h e n c e  I s  c o n s t a n t .  Thus
F -  f f  I v r :■ 1 1 s a n  L<-  ^ c o l l e c t i o n ,y ■ ■ * o
L e t  F and G b e  L<- _ c o l l e c t i o n s  and f o r  t  c 1,  s e t
v ( t )  = I q  F d h  and  w ( t )  = I q G d h .  Then  c l e a r l y  v and  w a r e
c o n t i n u o u s .  Now f o r  t e l ,  t h e r e  e x i s t  a  c o l l e c t i o n  f Q , f ^ , . . . ,  
f n , and a  s u b d i v i s i o n  0 = Xq < . . .  < xn +  ^ = t  o f  [ 0 , t ] ,  s u c h  
t h a t  I q F d h  - Lq f ^ h ( x 1 + -j) - f ^ h t x ^ ,  and h e n c e  E v ( t )  =
E[Lq f 1 h ( x 1 + 1 ) - f 1 h ( x 1 ) ]  -  TTq F f 1 h ( x 1 + 1 ) / b f 1 h ( x 1 ) =
TTo ( x i + i " z 0 ) ( x i “ z o 5 ' 1 = [ h ( t  ) - z Q] • [ h{0  ) - z Q] ~ 1 . s i m i l a r l y  
f o r  t  e I> E w ( t )  ~ [ h ( t .  ) z G] • [ h ( 0 )- z 0 ]"’  ^ , and h e n c e  E f v ( t )  -
w ( t ) J  = 1 .  G l n c e  V'W i s  c o n t i n u o u s ,  t h e r e  e x i s t s  an I n t e g e r
n s u c h  t h a t  v ( t )  - w ( t )  = 2nrr i  f o r  a l l  t e l .  Now v ( 0 )  = 0
and  w ( 0 )  = 0 ,  and  h e n c e  n = 0 .  Thus  v = w and  J i s  u n i q u e l y
d e f i n e d  .
S u p p o s e  h ( 0 )  = h ( l } .  Then  E( J  ) = E v ( l )  = [ h ( l ) - z Q]* 
[ h ( 0 ) » z o ] ~ ^  - 1 and J = 2 n n l  f o r  some I n t e g e r  n .
L e t  c b e  a n u m b e r  s u c h  t h a t  E ( c )  -  h ( 0 ) z o . Then  f o r  
t e l ,  l e t  Q ( t ) = v ( t )  -♦ c .  Then E P ( t )  = E [ v ( t ) + c ]  = E v ( t ) -  
E ( c )  = [ h ( t. ) - 7(J J [ h ( 0 ) - ?,0 J '   ^ • [ h ( 0 ) - z (J J - h ( t ) - z t j . Thus  J = 
M j ( h , z 0 ) ( c f t [ 9 J „ p p .  5 A - 5 8 ) .
Theor e m 1 . 8 .  L e t  z Q e K, a n d  l e t  S be  a  c o n n e c t e d  and 
s i m p l y  c o n n e c t e d  o p e n  s e t  e x c l u d i n g  z 0 . Then  t h e r e  e x i s t s  
a  map g o f  S I n t o  K, s u c h  t h a t  E g ( z )  = z ~ z o ^ 0 r  2 £ G •
F u r t h e r m o r e  t h e r e  e x i s t s  a map k o f  S I n t o  K. 3 u c h  t h a t
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k ( z ) ~  = z ~ z o ^ 0 r  z e S.
P r o o f .  From Th e o r e m 1 . 7 .  t h e r e  e x i s t s  a n  Lo 7 c o l -
---------------------------------------------------------  y O f  Z q
l e c t i o n .  S i n c e  ?,Q $ S.  t h e  e x i s t e n c e  o f  t h e  d e s i r e d  f u n c t i o n  
g f o l l o w s  f r om T h e o r e m 1 . 5 .
L e t  k ( z )  = E [ 2 ‘ ^ g ( z ) ]  f o r  a l l  z c S .  Then  k ( z ) 2 -
E [ 2 _ 1 g ( z ) ] 2 = E g ( z )  = z ~ z Q f o r  z e S.
Th e o r e m 1 . 9 :  S u p p o s e  T l s  a  s i m p l e  c l o s e d  c u r v e ,  a  and  
b d i s t i n c t  p o i n t s  o f  T k and  A and  B d i s t i n c t  s u b a r c s  o f  T 
w i t h  e n d p o i n t s  a  and b .  Then  t h e r e  e x i s t s  n = + 1 ,  s u c h
t h a t  f o r  z Q e I ( T ) ,  J  -  Ma ^ U , z 0 ) + u *  B( z kz Q ) = g ( z f z Q) -
a b. ( z , z 0 ) = n t w h e r e  u a ( z , z  ) d e n o t e s  t h e  u n i q u e  n u m b e rA
I .  . L d z ,  w h e r e  L i s  a n  Lv _ c o l l e c t i o n .
a  A " , z o
P r o o f . L e t  L b e  a n  Ls >Zq c o l l e c t i o n .  Then  f r o m The o r e m 
1 . 3 ,  J = l j  A L d z  + 1^  g L d?, -  n i j  L d k  -  n q j  ( k , z 0 ) „
w h e r e  k ( t )  = r E ( 2 n l t )  + z Q f o r  some r  > 0 ,  n = + 1 ,  f o r  a l l
t  e I o L e t  p ( t )  = l o g  r  + 2 r r i t  f o r  t e l .  Then  E p ( t )  -  E ( l o g  r  
+ 2 n l t )  = r E ( 2 n l t )  = k ( t )  - z Q f o r  t e l .  Th us  J - n [ p ( l )  - 
p (0  ) ] = 2 n n i .
L e t  z-  ^ e I ( T )  z j, + z 0 y and  l e t  W b e  a n  a r c  I n  I ( T ) 
w i t h  e n d p o i n t s  z Q and . L e t  h be  a  homeomor p hi  sm o f  I 
o n t o  W s u c h  t h a t  w ( 0 )  = z Q and w ( l )  = z p ,  and  v a  c o n t i n u o u s
f u n c t i o n  on I o n t o  T s u c h  t h a t  v ( 0 )  = a s v ( l / 4 )  e A» v ( l / 2 )
= b ,  and v i s  o n e - t o - o n e  on [ 0 , 1 ) .  S e t  w ( x , t )  = v ( x )  * h ( t )  + 
z Q f o r  ( x , t )  e Q. Now x Q { w ( Q ) k s i n c e  W n T = 0 ,  and  w ( x , 0 )
= v ( x ) „  and  w ( x , l )  = v ( x )  + z Q z^ f o r  x e I .  Then  f r o m
13
Theor e m 1 . 2 ,  J  = I q  L dwQ = I q  L dw^ = M j ( v + z 0 - z ^ f z q ) =
Uj ( v , 7,  ^ ) . Thus  J 1 o u n i q u e l y  d e t e r m i n e d .
Theor e m 1 . 1 0 .  L e t  3 b e  an  o p e n  s e t ,  F a  Co, c o l l e c t i o n ,
T a s i m p l e  c l o s e d  c u r v e ,  and  h a map o f  T i n t o  3 .  Then  t h e r e  
e x i s t s  a  u n i q u e  n u m b e r  J = I  ^  F d h  s u c h  t h a t  I f  a and b 
a r e  d i s t i n c t  p o i n t s  o f  T,  and A and  B a r e  d i s t i n c t  e u b a r c s
Vi ao f  T w i t h  e n d p o i n t s  a  and b ,  t h e n  1^  F d h i  + I^, F d h g  =
V) AJ [ I  L d z  + Iv, L d z ]  f o r  a l l  Lq „ c o l l e c t i o n s  L,  w h e r e
a A u B > 7- o
z Q e I ( T ) ,  and  h-  ^ = h j A and  h 2 =■ h | B .
P r o o f . The p r o o f  f o l l o w s  r e a d i l y  f r o m The o r e m 1 . 9 .
Re ma r k .  L e t  L be  a n  L&, 0  c o 1 1  e c t i o n  and h and k maps  
o f  I  I n t o  K -  ( 0 } .  Then  f o r  t e l ,  E ( I q  L d h . k )  = [ h ( t ) k ( t ) ]
[  h ( 0  )k ( 0 ) ] _1 = [ h ( t  ) / h ( 0 ) ] - [ k ( t  ) / k ( 0 ) ]  = E d J  L d h J - E d J  L dk ) 
= E ( l J  L d h  + I q  L d k ) ,  and  t h u s  i j  L d h - k  = i j  L d h  + i j  L 
dk  + 2nrr l  f o r  some I n t e g e r  n .  Now I q  Ldp = 0 ,  when  t  = 0 
f o r  p  = h , k , h - k  and h e n c e  n m u s t  e q u a l  z e r o .  Wi t h  t h i s  
o b s e r v a t i o n  we h a v e  c o m p l e t e d  t h e  d e r i v a t i o n  o f  t h e  m a c h i n e r y  
o f  Whybur ns  t o p o l o g i c a l  i n d e x  p .
Theor em 1 . 1 1 .  L e t  A be  a c l o s e d  and n o w h e r e  d e n s e  
s u b s e t  o f  U,  and  f  a  map o f  "0 , s u c h  t h a t  f  l s  d i f f e r e n t i a b l e  
on  U-A and f  {A ) l s  n o w h e r e  d e n s e  i n  K.  Then  I f  f  l s  l i g h t ,  
f  l a  a n  o p e n  map on U. M o r e o v e r  i f  f  l s  l i g h t  a nd  p e f(TJ) -  
f ( C ) ,  t h e n  f ~ ^ ( p )  h a s  a t  m o s t  m = p c ( f , p )  e l e m e n t s .  F i n a l l y  
I f  f  i s  l i g h t  on  U-A,  t h e n  a u p x£;0  J f ( x ) |  < s u p ^ eC | f ( t ) | ,  
and  i f  f  I s  l i g h t  | f ( x ) J  < s u p ^ c  | f ( t ) l  f o r  a l l  x c U.
L4
P r o o f . Su pp ose  f  i s  l i g h t  on U-A and T l s  a s t a p l e
c l o s e d  c u r v e  I n  U. L e t  q s f ( H)  -  f ( T ) ,  w h e r e  H = T U I ( T ) ,  
and  l e t  S b e  t h e  c o m p o n e n t  o f  K -  f ( T )  c o n t a i n i n g  q .  We s h a l l  
show t h a t  S t  f  ( H ) . S e t  y, -  f ( H)  n S .  Then  Q l s  o p e n  I n  t h e  
r e l a t i v e  t o p o l o g y  o f  f ( H ) ,  and h e n c e  f ~ ^ ( Q )  I s  o p e n  I n  H. 
S i n c e  n T = 0,  f _ 1 (Q) l s  o p e n  I n  K . Now Qq = f ” 1 (Qj  -
A l s  a n o n - e m p t y  o p e n  s e t  I n  U-A,  and  h e n c e  f ( Q QJ I s  o p e n  
I n  K.  L e t  G b e  t h e  s e t  o f  a l l  p o i n t s  x e U-A,  s u c h  t h a t  f ' ( x )  
= 0 .  Then ^ c f .  [ 9 ] ,  p p .  7 2 ~ 7 3 )  m(G)  = 0 and s i n c e  f ( A)  l a  
n o w h e r e  d e n s e  I n  K, we h a v e  = f ( Q c ) - G - f ( A)  ^ 0.  L e t  
y e . Then  p a r a l l e l i n g  Whyburn  ( C f .  [ 9 ] ,  p p .  6 7 - 0 8  and 
7 2 - 7 4 ,  and c f .  Theor e m 1 . 9 )  we s e e  t h a t  f ~ ^ ( y )  h a s  a f i n i t e  
n u m b e r  n Q o f  e l e m e n t s ,  w h e r e  u T ( f , y )  = n Q ^ 0 .  He n c e  u , j , ( f , z )
= nQ f o r  a l l  z e S .  I t  f o l l o w s  now from Theorem 1 . 9  t h a t  S 
c f  ( H ) .
Let  S be t h e  unbounded component  o f  K - f { C ) and 
s u p p o s e  S n f ( U)   ^ 0 .  Then from t h e  a b o v e  a r g u m e n t ,  S c f ( D ) .  
But  f ( U )  I s  c o m p a c t .  Thus s u p xe"jj j f ( x ) |  < s u p ^ c  J f ( t ) | .
Supp ose  f  l s  l i g h t .  We s h a l l  show t h a t  f  i s  an open  
map on U. Le t  x Q e U and R be a c i r c u l a r  r e g i o n  w i t h  c e n t e r  
x Q l y i n g  I n  U. From t h e  Z o r e t t l  Theorem,  t h e r e  e x i s t s  a 
s i m p l e  c l o s e d  c u r v e  T u R, s u c h  t h a t  x 0 e I ( T )  and T fl f ~^  
f ( x Q) = 0 .  L e t  S d e n o t e  t h e  component  o f  K -  f ( T ) c o n t a i n i n g  
f ( x Q) and l y i n g  i n  f l l ( T ) ) c f ( R ) .  Thus I f  V i s  an open  s e t  
I n  U, f ( V )  mus t  be o p e n .  In  p a r t i c u l a r  f ( U )  l s  o p e n ,  and 
h e n c e  | f ( x ) |  < s u p ^ EC | f ( t ) |  f o r  a l l  x e U.
Supp ose  f “1 ( p ) n I ( T ) c o n t a i n s  more th a n  m e l e m e n t s .
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be  d i s t i n c t  p o i n t s  o f  f " ^ ( p )  n I ( T ) ,  and
H ^  , R^ >, . , , , R |n + |  be  a c o l l e c t i o n  o f  m u t u a l l y  d i s j o i n t  c i r c u l a r  
r e g i o n s  I n  U, s u c h  t h a t  R^ h a s  c e n t e r  f o r  1 -  1 , 2 , . . . ,
m + 1 „ Then f ( R 1 ) I s  o p e n  i n  K f o r  1 = 1 , 2 , .  . . ,  m+1,  and h e n c e  
V -  S n r  ( Fi ^  J I s  a n o n - e m p t y  o p e n  n e t  I n  K l y i n g  I n  f ( U)  
and  c o n t a i n i n g  p ,  w h e r e  :: I n  t h e  c o m p o n e n t  o f  R -  f ( C )  
c o n t a i n i n g  p .  S u p p o s e  q e V -  f ( A)  -  G.  P a r a l l e l i n g  Whybur n ,  
a s  a b o v e ,  we f i n d  t h a t  u ^ ( f , q )  > m + 1.  Bu t  u £ . l f , q )  -  u ^ ( f , p )
= m. Thus  f  ^ ( p )  h a s  m o r  f e w e r  e l e m e n t s .
Theorem 1 . 1 2 .  L e t  T be  a  s i m p l e  c l o s e d  c u r v e ,  S a s e t
c o n t a i n i n g  R = I { T ) , G a f i n i t e  s u b s e t  o f  R, x 0 e R-G,  and
f  a  map o f  S s u c h  t h a t ,  f  l s  d i f f e r e n t i a b l e  on R-G.  F o r  x c
S,  l e t  Q.f x ( * )  ~ -  f ( x 0 ] * [ x  - x 0 ] _1 f o r  x ^ *o» and
(* f , x 0 ( x ) ~ f ° r  x " x 0 - ^ e t ' ^ ~ ^ f , x 0 * Then  Q I s
c o n t i n u o u s  on ft, d i f f e r e n t i a b l e  on Ft -  G - f x 0 ],  find s u c h
t h a t  | V ( x ) | < 3uptg.ii> I y ( T ) | f o r  a l l  x e R, 1 f  y i s  n o n ­
c o n s t a n t  .
P r o o f . By d e f i n i t i o n  o f  d e r i v a t i v e  y I s  c o n t i n u o u s  
on G. . Suppose  y. l a  n o n - c  ons  t a n t  . Then  s i n c e  y i e  d i f f e r e n t i a b l e  
on R -  G - f x 0 1 , and G I s  f i n i t e ,  q | R  I s  l i g h t , .  Henco f r om 
Th e o r e m 1 . 1 1 ,  y i s  an  o p e n  map on R, and | y ( x ) |  s u p f e rp 
I Q ( t ){ f o r  a l l  x c R.
Th e o r e m 1 , 1 3 .  L e t  A b e  a  f i n i t e  s u b s e t  o f  U and O < r  
< 1 .  I f  f  l s  a  map o f  U s u c h  t h a t  f  i s  d i f f e r e n t i a b l e  on 
U-A,  t h e n  t h e r e  e x i s t s  p > 0 ,  s u c h  t h a t  t h e  f u n c t i o n  g { ? . ) =
lft
p . f ( z )  + z f o r  ?, t  U I s  o n e - t o - o n e  on Ur .
P r o o f . L e t  r  < r Q < 1 ,  M -  e u p Z£^ | f ( z ) | ,  and p -  ( r 0-
o
r ) / 2 ( M + l ) .  F o r  t e l ,  s e t  v ( t )  = r 0 E ( 2 r r t l )  and  f o r  ( s , t )  e 
w,  s e t  h ( f l , t )  = s p * f v ( t )  + v ( t ) .  Then  h I s  c o n t i n u o u s ,  h ( t )
= v ( t ) ,  and h-^(t)  -  p * f v ( t )  f o r  a l l  t e l .  Now f o r  ( s , t )  e 
Q, | h ( b , t ) | = | v ( t ) + s p • f v ( t ) | > r Q -  s p | f v ( t ) |  > r c  -  
s ( r 0 - r ) / 2  = ( r Q+ r ) / 2 .  Thus 0 { h ( Q ) ,  and h e n c e  from Theorems  
1 . 2  and 1 . 9 ,  1 -  u ( v , 0 )  = u ( h Ql O) -  u t h ^ u )  = u ( p - f v  v , 0 ) .
Now g l e  c o n t i n u o u s  and d i f f e r e n t i a b l e  on U-A- S i n c e  
g I s  n o t  c o n s t a n t  and  A I s  f i n i t e ,  g rous t  he  l i g h t .  S u p p o s e  
S l s  t h e  c o m p o n e n t  o f  K -  g ( C r ) c o n t a i n i n g  C.  Now f o r  z r. 
d r Q , g ( z )  = I z + p • f  ( z ) | > r Q - ( r 0- r ) / 2  * ( r 0 * r ) / 2 , and 
t h u s  U( r o  + r j / 2 c  s * F o r  z  e Ur » | g ( z ) | = | p . f ( z )  + 7. I < ( r 0- r )
2 ~ 1 + r  = ( r Q + r ) / 2 P s o  t h a t  f ( U r ) t  S,  and h e n c e  Ur  t- f “ ^ ( S ) .  
F o r  x e S,  u ( g v , x }  = u ( g v , 0 )  = 1.  and h e n c e  f rom Theor e m 
1 . 1 1 ,  f " 1 ( x ) h a s  e x a c t l y  o n e  e l e m e n t .  C o n s e q u e n t l y  g I s  o n e -  
t o - o n e  on f “ ■*■ ( 3 ) =? Ur ,
T h e o r e m 1 , 1 4 ,  L e t  A be  a n  a r c ,  f  a  map o f  K s u c h  t h a t  
f  l s  n o n - c o n s t a n t  and  d i f f e r e n t i a b l e  on K-A,  and s = l i r a
X — *-00
f ( x )  e x i s t s .  Then  f ( A)  = f ( K ) .
P r o o f . S u p p o s e  p e f ( K)  -  f ( A)  and  p ^ ft * L e t  P be  a
c i r c l e  w i t h  c e n t e r  s  s u c h  t h a t  p e E ( P ) .  T h e r e  e x i s t s  r G ;>
O s u c h  t h a t  A U f ~ ^ ( p )  c  Ur  f o r  r  > r Q. S i n c e  11m f ( x )  =
x—►oo
s t t h e r e  e x i s t s  r-^ > 0 ,  s u c h  t h a t  r  > r ^  I m p l i e s  f ( C r ) u 
I ( P ) .  L e t  r  > s u p [ r 0 , r 1 ] and B b e  a n  a r c  i n  Ur  w i t h  e n d p o i n t s
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a  and  b ,  o u c h  t h a t  B n Cr  = {a)  U {b } ,  and  A c B.  L e t
and  Dq b e  t h e  c o m p o n e n t s  o f  U-Ls, and  =■ Dj_ -  f o r  1 =
1 , 2 .  Then  f r o m  T h e o r e m 1 . 1 1 ,  o c r ( f , p )  = M T ^ f t p )  +
> n Q, w h e r e  n Q ^ 0 I s  t h e  n u m b e r  o f  e l e m e n t a  o f  f ' ^ ( p ) .  Bu t  
f ( C r ) s- I ( P ) ,  and  h e n c e  f r o m T h e o r e m 1 . 9 ,  Uq ( f , P ) -  0 .
Thus  f ( K )  -  {s} c. f  {A ) a n d  f  ( A ) = f ( K ) .
CHAPTER I I
T h is  c h a p t e r  s h a l l  c e n t e r  aro u n d  t h e  p r o b le m  o f  
o b t a i n i n g  p o l y n o m i a l  a p p r o x i m a t i o n s  t o  d i f f e r e n t i a b l e  
f u n c t i o n s ;  I n  p a r t i c u l a r  pow er  s e r i e s  e x p a n s i o n s .
Lemma 2 , 1 *  L e t  f  and g be  p o l y n o m i a l s  s u c h  t h a t  g ( z )
41 0 f o r  a l l  z e U> S an open s e t  I n  U, and L { z )  = f ( z ) / g ( z )  
f o r  z e H. Then I f  P ^ ( P2 , . . .  l s  a s e q u e n c e  o f  p o l y n o m i a l s  
c o n v e r g i n g  u n i f o r m l y  on com p act  s u b s e t s  o f  h ( S )  t o  a l i m i t  
f u n c t i o n  F, t h e r e  e x i s t s  a s e q u e n c e  o f  p o l y n o m l a  l a  Ql f Q2 , . . .  
c o n v e r g i n g  u n i f o r m l y  on c o m p a ct  s u b s e t s  o f  S t o  F h -
P r o o f . C l e a r l y  f o r  n £ u: > t h e r e  e x i s t  p o l y n o m i a l s  f n 
and g n s u c h  t h a t  6n ( z )   ^ 0 Tor a l l  z e U, and Pn h ( z )  = f n ( z ) /  
g n ( z )  f o r  a l l  z £ U. L e t  n e «i. T h ere  e x i s t s  a f i n i t e  c o l ­
l e c t i o n  o f  numbers a Q * z^ „ z 2 „ . . . , z p s u c h  t h a t  6 n ( z )  = a o t z - p z )  
( Z g - z  ) , ,  . ( Z p - z  ) f o r  a l l  z e K. [ N o t e ;  f o r  t h e  F u n d a m en ta l  
Theorem o f  A l g e b r a  c f ,  Whyburn [ 9 ] „  p .  7 7 , ]  S i n c e  g ( z )  £
0 f o r  a l l  z e Up we h a ve  | z^ | > 1 f o r  k = L  2 ,  . . . , p t. Hence
oo
f o r  k = l „ 2 , . . . , p  t h e  s e q u e n c e  o f  p o l y n o m i a l s  
c o n v e r g e s  u n i f o r m l y  on U t o  ( z ^ - z )” 1 -  z ^ ' ^ t l  -  z / z ^ ) " 1 , 
w h e r e  T j ^ t z )  = £ j = o  ( z / z k ^  f ° r  k ~ n e uj, and
z e It. For  m e l e t  Qnm( z )  = a Q“ 1 f n (z  )Tlnj( z  )TgB ( z  ) .  . .
. . oo
Tpm( z ;  f o r  a l l  z e K. Then (QnmJm=l a s e Qu e n c e  ° f
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p o l y n o m i a l s  c o n v e r g i n g  u n i f o r m l y  on U t o  f n/ g n »
S u p p o se  p^ < < . . .  i s  an i n c r e a s i n g  s e q u e n c e  i n  uu
s u c h  t h a t  | ( z )  -  Pnh ( z ) |  < l / n  f o r  n e m, z e U, M a ripn ii
c o m p act  s u b s e t  o f  S „ and e > 0 .  S i n c e  h i s  c o n t i n u o u s  on 
S, h(M) I s  c o m p a c t ,  and t h e r e  e x i s t s  N > 0 ,  su ch  t h a t  n > N, 
n £ in, I m p l i e s  1 / n  < e / 2  and | F ( x )  -  Pn ( x ) |  < e / 2  f o r  a l l
x e h (M ) .  Thus f o r  z t  M and n > N, n e oo, we h a v e
I F h ( z ) -  Qn p n ( z ) |  < | F h ( z ) - Pnh ( z ) |  + !Pnh ( z )  -  Q n p n < z ) l
< 1/ n  + e / 2  < e .
Lemma 2 . 2 .  L e t  F be a u n i f o r m l y  bounded c o l l e c t i o n  o f  
d i f f e r e n t i a b l e  f u n c t i o n s  on an open  s e t  So Then F l s  an  
e q u l c o n t i n u o u s  f a m i l y  o f  f u n c t i o n s .
P r o o f . L e t  p e S and T b e  a c i r c l e  w i t h  r a d i u s  r  and 
c e n t e r  p su ch  t h a t  H = T U I ( T )  c. S.  T h er e  e x i s t s  M > 0 
s u c h  t h a t  | f ( z ) |  < M f o r  a l l  z e H and f  e F.  I f  f  t F and
z e H, t h e n  from Theorem 1 . 1 2 ,  |Q f  p ( z ) |  < s u p t e T  |Qf  p ( t ) |
= s u p t 6 ,j, | f ( t )  - f ( p ) | r “  ^ < 2M/r and t h u s  | f ( z )  -  f ( p ) |  < 
| z - p | 2Mr“'1 . C o n s e q u e n t l y  F m ust  be  an e q u l c o n t i n u o u s  f a m i l y  
o f  f u n c t i o n s .
Rem ark , Lemma 2 . 2  I m m e d i a t e l y  e n a b l e s  us  t o  o b t a i n  t h e  
V i t a l l - P o r t e r - S t l e l t J e s  Theorem. H u r w l t z ' s  Theorem and t h e  
s t a n d a r d  Maximum Modulus Theorem f o l l o w  I m m e d i a t e l y  from  
t h e  open  m apping t h e o r e m  f o r  d i f f e r e n t i a b l e  f u n c t i o n s .
( C f .  Whyburn [ 9 ] P p p .  7 2 - 7 0 . )
Lemma 2 . 3 .  S u p p o se  f ^ r f g r . . .  l s  a s e q u e n c e  o f
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d i f f e r e n t i a b l e  f u n c t i o n s  d e f i n e d  on an open  s e t  S, c o n v e r g i n g
u n i f o r m l y  on com pact  s u b s e t s  o f  S t o  a l i m i t  f u n c t i o n  F.
oo
Then F i s  d i f f e r e n t i a b l e  and ( f p ' ( z ) ] p = i  c o n v e r g e s  t o  F ' ( z )  
f o r  a l l  z  e  3 ..
P r o o f . The p r o o f  o f  t h i s  lemma l a  du e  t o  P o r c e l l l  and 
C o n n e l l  ( c f .  [ 1 ]  and [ & ] ) .  L e t  p e S and l e t  T be  a c i r c l e  
w i t h  c e n t e r  p and r a d i u s  r su c h  t h a t  D = T U I ( T )  c. S„ Le t
0 = Qf , p  and f 0 r  n e 00 „ = Qf  p ’ Then  f ° r  7. c D -  f p ) ,
oo
[Qn ( z ) ) n _ l  c o n v e r g e s  t o  Q ( z ) .  From Theorem 1 . 1 2 ,  we h a v e
i  s u P teT  I tint t )  -  Qm( t ) |  < s u p te T  | f n ( t )  -
f m( t ) | r ”  ^ f o r  z e D. S i n c e  ( f  ) n — c o n v e r g e s  u n i f o r m l y  on
oo
T, we s e e  t h a t  fQn }n=i  c o n v e r g e s  u n i f o r m l y  on D t o  a l i m i t
f u n c t i o n  Q0 . C l e a r l y  Q0 ( z )  = Q ( z )  f o r  a l l  z e D -  { p j .  Hence
F I s  d i f f e r e n t i a b l e  a t  p and F ' ( p )  = Qc ( p ) °  M o re o v er  F ' ( p )
= 11m Qn ( p )  = 11® f n ' ( p ) .
n-*-oo n -* oo
Lemma 2 . 4 .  S u p p o se  f ^ . f g , . . .  l a  a s e q u e n c e  o f  o n e - t o -  
o n e  d i f f e r e n t i a b l e  f u n c t i o n s  on a s i m p l y  c o n n e c t e d  bounded  
o p e n  s e t  S i n t o  U, c o n v e r g i n g  u n i f o r m l y  on c o m p a ct  s u b s e t s  
o f  s  t o  a l i m i t  f u n c t i o n  F n o n - c o n s t a n t  on e a c h  com ponent  o f  
S .  Then F i s  a o n e - t o - o n e  d i f f e r e n t i a b l e  f u n c t i o n  s u c h  t h a t  
F ( S )  c  u.  M o r e o v e r  i f  M I s  a c o m p a ct  s u b s e t  o f  f { S ) ,  t h e r e  
e x i s t s  N > 0 s u c h  t h a t  n > N„ n e uu, I m p l i e s  M c. f  ( S ) .
- 1  00 iF u r t h e r m o r e  [ f n ) D=i  c o n v e r g e s  u n i f o r m l y  t o  F” on M.
P r o o f .  By Lemma 2 . 3 P F must  be  d i f f e r e n t i a b l e .  S i n c e  
F i s  n o n - c o n s t a n t  on e a c h  c om p onent  o f  3 ,  by H u r w i t z ’ s
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Theorem, F m ust  be  o n e - t o - o n e .  From t h e  Z o r e t t l  Theorem,  
t h e r e  e x i s t s  a s i m p l e  c l o s e d  c u r v e  G & f ( S )  s u c h  t h a t  M c- 
1 ( G ) .  S i n c e  3 1 b s i m p l y  c o n n e c t e d ,  F ( S )  I s  s i m p l y  c o n n e c t e d ,  
and h e n c e  D = G U 1( G)  t  F ( S ) .  A p p l y i n g  t h e  Z o r e t t l  Theorem  
a g a i n ,  we o b t a i n  a s i m p l e  c l o s e d  c u r v e  H s- F ( 3 ) ,  s u c h  t h a t  
D c 1 ( H ) .  Then 1 ( H)  c  F ( S ) .
Le t  J = F“ ^ ( H) .  Now F ~ H l ( H ) ]  i s  open i n  K and h e n c e  
J -  F ' H K H ) ]  ^ 0 .  L e t  W be  a co m p on en t  o f  t h e  com p lem ent  
o f  J I n t e r s e c t i n g  F ~ ^ [ I ( H ) ] .  Then F‘ ^ [ l ( H ) ]  n w i s  open
I n  W. M o r e o v e r  F~ T { ^ ) ] n W = Fr“1[ I ( H ) ]  n W i s  c l o s e d  i n
W. H en ce ,  s i n c e  W i s  c o n n e c t e d ,  W c F“ 1[ l ( H ) ] .  Thus F"1[ I ( H ) ]
= I ( J ) .
There  e x i s t s  N > 0 ,  s u c h  t h a t  n > N, n e hi, i m p l i e s
I f n ( z )  -  F ( z ) |  < 5 ( H , D ) / 2  f o r  a l l  z e J ,  and h e n c e  6 ( J n , D)
> 6( H , D ) ,  w h ere  J n = f n ( J ) .  L e t  p e r :,1 ( D ) .  Then p e I ( J ) .
I f  f o r  some n > N, n £ uu, D n E( J n ) + 0» t h e n  D t  E( J n ) .  I f
Lj, d e n o t e s  t h e  l i n e  s e g m e n t  w i t h  e n d p o i n t s  f n ( p)  and F ( p ) ,
t h e n  F ( p ) e D c  E ( J _ )  and f  ( p )  e I ( J _ ) .  Thus L n I ( J n ) $n n n n
0 ,  a nd  h e n c e  a ( J n , D ) < | F ( p )  - f n ( p ) | .  T h e r e  e x i s t s  M > N,
s u c h  t h a t  n  > M, n e  uu, I m p l i e s  | F ( p )  *• f t p ) | < 6 ( H , D ) / 2 .
H e n c e  f o r  n > M( n c aj, we h a v e  D c. I  ( J ^ ) and  c o n s e q u e n t l y
D c F ( S ) .
I f  x Q e D, t h e n  f o r  n > M, n  e uj, x Q e I ( J n ) and  f n ~ 1 ( x 0 )
— 1 ® i
e J .  S u p p o s e  t h a t  ( f  n~ ( x 0 ^n=M d o e s  n o t ' c o n v e r g e  t o  F~ ( x Q) .  
Then t h e r e  e x i s t  P i  < P2 < i n  ui and a p o i n t  y Q e J U I ( J )
- 1  i 00d i s t i n c t  from F ( x Q) ,  s u c h  t h a t  f f p " ( x 0 ) } n=  ^ c o n v e r g e s
oo n
t o  y Q. Hence [ f p ( y Q J } « = l  c o n v e r g e s  t o  x c and F ( y 0 ) = x 0 .
2 2
S i n c e  F[r“1(x0 )] l e  a l s o  e q u a l  t o  x Q and F ^ C x q ) + y 0 , we 
h a r e  t h a t  F l a  n o t  o n e - t o * o n e ,  w h i c h  i s  a c o n t r a d i c t i o n .  
S i n c e  S i a  b o u n d e d ,  i t  f o l l o w s  from t h e  t h e  V i t a l i -
i 00P o r t e r - S t i e l t j e s  Theorem , t h a t  [ f p c 0nT®r 6 ®B on
_ 1_ CD
c o m p a c t  s u b s e t s  o f  1 ( G) ;  i n  p a r t i c u l a r  { f Q o o n v e r g e s
u n i f o r m l y  on  D. L e t  n e u .  The d i f f e r e n t i a b i l i t y  o f  f ^ 1
f o l l o w s  r e a d i l y  from t h e  f a o t  t h a t  f n ' ( z )  $ 0  f o r  a l l  z e S .
L e t  z 0 c S and T be  a c i r c l e  w i t h  o e n t e r  z c  l y i n g  i n  S .
S u p p o s e  f n ' ( z 0 ) = 0 and s e t  wQ = f ( z Q) and Q = Then
Q ( z 0 ) = °» end h e n c e  from Theorem 1 . 1 1 ,  u ^ ( Q , 0 )  > 0 .  Now
f n ( z )  -  wQ x  ( z - z 0 ) Q( z )  f o r  z e S,  and h e n c e  from t h e
remark p r o c e e d i n g  Theorem 1 . 1 1 ,  u T( f _ , w  ) = m _ ( z , z 0 ) +
a n o 1
M y ( Q , 0 )  =  1 +  u t ( Q , 0 )  >  1 . But  s i n c e  f p i s  a  hom eom orphism ,  
UT ( f n »wo )  = 1  <c f - PP* 7 4 - 7 §  and 8 4 - 8 5 . )
I f  F ( S )  -  U + 0 ,  t h e n  s i n c e  F i s  an o p en  map, t h e r e  
e x i s t s  x Q e  S s u c h  t h a t  | F ( x Q) |  > 1 .  But t h e n  f o r  some n 
e a ,  we w ou ld  h a v e  ! f n ( x 0 ) |  > 1 ,  w h ic h  i s  i m p o s s i b l e .  Thus 
F ( S )  c  U.
Lemma 2 . 5 .  ( c f . p p .  2 2 5 - 2 3 0 )  L e t  S b e  a c o n n e c t e d  
and s i m p l y  c o n n e c t e d  o p e n  s e t  i n  U, s u c h  t h a t  0 e S and S 
^ U. Then t h e r e  e x i s t  p o l y n o m i a l s  f  and g ,  s u c h  t h a t  g ( z )
$ 0 f o r  a l l  z e U,  and a o n e - t o - o n e  d i f f e r e n t i a b l e  f u n c t i o n
h on S i n t o  U s u c h  t h a t  h ' ( 0 ) > 1 , h ( 0 )  = 0 , and f h ( z ) / g h ( z )
= z f o r  a l l  z e S .
P r o o f . I f  t  e U -S ,  t h e n  f o r  z c T J ,  11 -  t z  | > 1 -  | T z |
> 1 -  | t |  > 0 .  F or  z e V ,  l e t  A( z )  = [ t - z ] [ l - t z ]  \  Then by
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d i r e c t  c o m p u t a t i o n  AA( z)  = z f o r  a l l  z e U.  Thus A l a  o n e -
t o - o n e  and A(U)  = TL T r i v i a l l y  A(O) = t  and A( t ) = 0 ,  and
h e n c e  0 { A ( S ) ,  S i n c e  A l a  d i f f e r e n t i a b l e  on U, A l a  an  
open  map on S, and c o n s e q u e n t l y  A( S)  l a  a c o n n e c t e d  and 
s i m p l y  c o n n e c t e d  open  s e t  In  U n o t  c o n t a i n i n g  0 .
Prom Theorem 1 . 8 ,  t h e r e  e x i s t s  a o n e - t o - o n e  d l f f e r e n t l -
2
a b l e  f u n c t i o n  H on A( S)  I n t o  K, s u c h  t h a t  H( z )  = z f o r  z 
e A ( S ) .  Then | H ( t ) | ^  = | t |  < 1 ,  and h e n c e  | H ( t ) |  < 1 .  Then 
f o r  z e TJ, 1 -  H( t  Jz  ^ 0 . D e f i n e  B ( z )  = [ H ( t )  -  z ] [ l  -  H( t  )z ]  ^
f o r  a l l  z e  TJ.
For  z e S,  l e t  P ( z )  = BHA( z ) .  T I s  o n e - t o - o n e  and 
d i f f e r e n t i a b l e  and P ( S )  t  U.  Now P ( 0 )  = BHA(O) = B Hl t )  = 0 .
For  z e TJ. l e t  K( z )  = z 2 . Then f o r  z e U, l e t  Q( z )  = AKB( z) ;
Q l a  d i f f e r e n t i a b l e  and QP( z )  = AKBBHA(z) = AKHA(z) = AA( z)
= z f o r  z t  TJ. Then P ' ( 0 ) Q ' { 0 ) = 1 .
For  z e 13, s e t  Q0 ( z )  = Q ( z ) / z  f o r  z # 0 and Q0 ( z )  -  
Q ' ( z )  f o r  z = 0 .  Then y Q I s  c o n t i n u o u s  on U and y  i s  
d i f f e r e n t i a b l e  on U -  ( 0 ) .  Q i s  n o t  o n e - t o - o n e  on U and 
h e n c e  Qq c a n  n o t  be  c o n s t a n t  on U. From Theorem 1 . 1 1  ( C f .  
a l s o  Theorem 1 . 1 2 ) ,  | Q0 ( z ) |  < s u p teC |Q0 ( t ) |  f o r  a l l  z e U.
I n  p a r t i c u l a r ,  | Q ' ( 0 ) |  = | y o ( 0 ) |  < 1 .  T h u e f P ’ tOJI > 1,  and 
I f  b = ? ' ( 0 ) / | P 1( 0 ) | , t h e n  s P ( z )  I s  t h e  d e s i r e d  f u n c t i o n .
The p r o o f  o f  t h e  f o l l o w i n g  th e o r e m  I s  a d a p t e d  from a 
p r o o f  o f  t h e  Riemann Mapping Theorem g i v e n  by S ak s  and 
Zygmund ( C f .  [ © ] ,  pp .  2 2 5 - 2 3 0 ) .
Theorem 1 . 1 .  L e t  S be  a bounded c o n n e c t e d  and s i m p l y
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c o n n e c t e d  o p en  e e t  and z Q e S .  Then t h e r e  e x i s t s  a o n e - t o -  
o n e  d i f f e r e n t i a b l e  map P o f  S o n t o  U su c h  t h a t  F ( z 0 ) = 0 ,
F * ( z Q) > 0 ,  and a s e q u e n c e  o f  p o l y n o m i a l s  P ^ , P g , . . .  c o n v e r g i n g  
u n i f o r m l y  on com p act  s u b s e t s  o f  U t o  F ~ ^ .
P r o o f . L e t  K be  t h e  s e t  o f  a l l  o n e - t o - o n e  d i f f e r e n t i a b l e
maps f  o f  S I n t o  U s u c h  t h a t  f ( z Q) = 0 , f ' ( z 0 ) > 0 and su c h
t h a t  t h e r e  e x i s t s  a s e q u e n c e  o f  p o l y n o m i a l s
c o n v e r g i n g  u n i f o r m l y  on c o m p a ct  s u b s e t s  o f  f ( S )  t o  f " * .
K I s  a non-empty s e t .
I f  a = s u p f e £  f ' ( z  ) ,  t h e n  t h e r e  e x i s t s  a s e q u e n c e  f ^ ,
f g , . . .  I n  K s u c h  t h a t  11m ^n ' ^ z o^ ~ 8 * ^rom t h e  V l t a l l -
n—►co
P o r t e r - S t l e l t J e s  Theorem t h e r e  e x i s t  p^ < p g < . . .  In  uu,
s u c h  t h a t  { f n c o n v e r g e s  u n i f o r m l y  on c o m p a ct  s u b s e t s
v 0  n - i
o f  3 t o  a  l i m i t  f u n c t i o n  F. Prom Lemma 2 . 3 ,  F i s  d i f f e r e n t i ­
a b l e  and F ' ( z 0 ) = s ,  and h e n c e  P i s  n o n - c o n s t a n t .  From t h e
H u r w l tz  Theorem , F I s  o n e - t o - o n e .
F or  n e uu,  l e t  c n = f z  6 F ( S ) | 6 ( z , K - F ( S )  > 1 / n ] . Cn 
I s  c l o s e d  and h e n c e  co m p a ct  f o r  n e uu, and F ( S )  -  U^°Cn .
From Lemma 2 . 4 ,  t h e r e  e x i s t  p^ < p 2 < . . .  i n  m, s u c h  t h a t  
I f  n e  uu,  t h e n  m >  p n , m e  <*», I m p l i e s  t h a t  C n  c  f m( 3 ) .  I f  
n e uu, t h e r e  e x l B t  a s e q u e n c e  o f  p o l y n o m i a l s  Pni , Png , • • • 
c o n v e r g i n g  u n i f o r m l y  on c o m p a ct  s u b s e t s  o f  f p ^ ( S )  t o  f p ^ 1 - 
There  e x i s t  q^ < qg < . . .  In  uu, s u c h  t h a t  f o r  n e uu,
|P _ n ( z )  -  f n ( z ) |  < 1 / n  f o r  z e C .  I f  D I s  a c o m p a ct  su b -
s e t  o f  F ( S ) ,  t h e n  t h e r e  e x i s t s  an I n t e g e r  n Q, Buch t h a t  D 
c  ^nQ * ^ e t  e > °*  Then from Lemma 2 . 4 ,  t h e r e  e x i s t s  H > n c ,
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su ch  t h a t  m > My m e u)„ I m p l i e s  “ F“ ^ ( z ) |  < l /m
f o r  a l l  7, e Cn „ Hence f o r  z e D c CnQ and m > My m e tu, we
have  | F*"  ^( z ) -  Pmq ( z ) |  < | F ' 1 ( z )  -  f _  - 1 ( z ) |  + | f  _ 1 (fc) -p m
P_n ( z ) |  < 1/m t 1 / n  = 2/ m.  From Lemma 2 . 4 *  F ( S )  c. U and 
we h a v e  F e K .
S u p p o se  F ( S )  + U.  Then c l e a r l y  F ( S )  I s  a c o n n e c t e d  and 
s i m p l y  c o n n e c t e d  open  s e t .  From Lemma 2 . 5 ,  t h e r e  e x i s t  
p o l y n o m i a l s  f  and g s u c h  t h a t  g ( z )  ^ 0 »11 z e U, and
a o n e - t o - o n e  d i f f e r e n t i a b l e  f u n c t i o n  h on F ( S )  I n t o  U, su ch  
t h a t  f h ( z ) / g h ( z )  - z f o r  a l l  z £ F ( S ) t and s ’>cl. t h a t  h ’ ( 0 )
> 1 .  Then ( h f ) ' ( z 0 ) -  h 1F ( z Q) ■F ' ( z Q) = h ' ( 0 ) s  > s .  Now W = 
h F ( S )  I s  an open  s e t  i n  U. Then F ( S )  = h~^( W) .  S i n c e  F e K, 
t h e r e  e x i s t s  a s e q u e n c e  o f  p o l y n o m i a l s  F ^ F g , . . .  c o n v e r g i n g  
u n i f o r m l y  on c o m p a ct  s u b s e t s  o f  h” ^(W) t o  F_ 1 . From Lemma 
2 . 1 , t h e r e  e x i s t s  a s e q u e n c e  o f  p o l y n o m i a l s  c o n ­
v e r g i n g  u n i f o r m l y  on co m p a ct  s u b s e t s  o f  w t o  F ^ h " ’1 . Thus 
hF e K, wh i c h  I s  a c o n t r a d i c t i o n .  Hence F ( 2 ) = U.
T n e o r e m  2 . 2 .  Let.  5’. be  a b o u n d e d  c o n n e c t e d  and  s i m p l y  
c o n n e c t e d  o p e n  a e t  .1 n K. z t t and x Q e U - ( 0 )  . Then
t h e r e  e x i s t s  a u n i q u e  d i f f e r e n t i a b l e  o n e - t o - o n e  f u n c t i o n  f  
on  U o n t o  !’ sue n t h a t  ( 1 )  f 1 I s  d i f f e r e n t i a b l e ,  f ( 0 )  -  z 0 , 
f ' ( 0 )  > 0 ,  and  t h e r e  e x i s t s  a  s e q u e n c e  o f  p o l y n o m i a l s  P ^ , 
P g , . . .  c o n v e r g i n g  u n i f o r m l y  on c o m p a c t  s u b s e t s  o f  U t o  f ,  
a nd  s u c h  t h a t  ( 2 )  I f  g  i s  a  o n e - t o - o n e  map o f  U o n t o  S,  
s u c h  t h a t  g  l a  d i f f e r e n t i a b l e  on U -  ( x Q] ,  g ( 0 )  = z c , and  
g ' ( 0 )  > 0 s t h e n  g = f .
P r o o f .  The e x i s t e n c e  o f  a t  l e a s t  o n e  f u n c t i o n  f  
s a t i s f y i n g  ( 1 )  l a  a s s u r e d  by Theorem 2 . 1 .  L e t  g be  a f u n c t i o n  
s a t i s f y i n g  ( 2 )  and s e t  Q ( z )  = f " ^ g ( z )  f o r  a l l  z e U.  Then  
Q I s  a o n e - t o  o n e  map o f  U o n t o  U, s u c h  t h a t  Q I s  d i f f e r e n t i ­
a b l e  on U - l * 0 ] Q( 0 )  - 0.. and Q ' ( 0 )  > 0 .  L e t  T = Qq q »
Then f rom Theorem 1 , 1 2 ,  s u p z e y | T ( z ) [  < a u p o c r c l  8UP t e C r  
I T( t ) | < BUP o < r < l  = ^llU8 I T( x ) | < 1 f o r  a l l  z e U.
S i n c e  Q I s  o n e - t o - o n e ,  Q ( z )  ^ 0 f ° r  z e U -  {0}  a n d ,  s i n c e  
Q’ ( 0 )  > 0 ,  we h a v e  T ( z )  £ 0 f o r  a l l  z e  U.  Thus we a l s o  h a v e  
from  Theorem 1 . .1 2 ,  t h a t  | T ( z ) |  > 1 f o r  a l l  z e U.  C o n s e q u e n t l y  
| T < z ) | = 1  f o r  a l l  z e U„ From Theorem 1 , 1 1 ,  s i n c e  Q ' ( 0 )  >
0 ,  T ( z )  = Q* ( 0 ) - 1 f o r  a l l  z e U, and t h u s  f  ^ g ( z )  = z f o r  
a l l  z e U, and c o n s e q u e n t l y  f  -  g .
Theorem 2 , 3 .  L e t  x Q e U„ x Q ^ 0 , and f  be  a c o n t i n u o u s  
f u n c t i o n  on U s u c h  t h a t  f  I s  d i f f e r e n t i a b l e  on U - [Xo}*>
Then f  I s  d i f f e r e n t i a b l e  and t h e r e  e x i s t s  a s e q u e n c e  o f  
p o l y n o m i a l s  , P g , . . .  w h i c h  c o n v e r g e  u n i f o r m l y  on c o m p a c t  
s u b s e t s  o f  U t o  f ,
P r o o f , I f  £ > 0  and r  = 1 - e t h e n ,  from Theorem 1 . 1 3 ,
t h e r e  e x i s t s  p > 0 s u c h  t h a t  t h e  f u n c t i o n  g ( z )  = f ( z )  + pz
f o r  z e U v l a  o n e - t o - o n e  on T3r „ From Theorem 1 . 2 ,  g  I s
d i f f e r e n t i a b l e  and t h e r e  e x i s t s  a s e q u e n c e  o f  p o l y n o m i a l s
P l . P g . . . .  w h ic h  c o n v e r g e s  u n i f o r m l y  on c o m p a c t  s u b s e t s  o f
oo
Ur  t o  g .  H ence  [ ¥ 1 p l 0 ) 1;_^ c o n v e r g e s  u n i f o r m l y  on c o m p a c t
s u b s e t s  o f  Ur  and v i n  p a r t i c u l a r  By a d l a 6 o n a l
p r o c e s s  we o b t a i n  a s e q u e n c e  o f  p o l y n o m i a l s  s u c h
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t h a t  jQn ( z )  f ( z  ) |  < 1 / 2 n f o r  z e ^1. i / n  anc* n E uu° c l e a r l y
Q i    l a  t h e  d e s i r e d  s e q u e n c e .
-A-
Lemma 2 „b,  I f  P { z )  = £ ?  a  zP f o r  z £ K and P l z )  < 1--------— 0 p -
f o r  z e H . t h e n  | a ,  i < 1 f o r  1 -  0 t. x  . , n .
P r o o f . T h is  t h e o r e m  and p r o o f  a r e  d u e  t o  P o r c e l l l  and 
C o n n e l l  [ ]„ T r i v i a l l y  t h e  t h e o r e m  h o l d s  f o r  p o l y n o m i a l s  o f  
d e g r e e  z e r o .  S u p p o se  f o r  n e i t  h o l d s  f o r  p o l y n o m i a l s  o f
d e g r e e  n o r  l e s s  and P ( z )  = £ q +1 « >^zP 18 «• p o l y n o m i a l  o f  
d e g r e e  n+1 s u c h  t h a t  | F ( z ) |  < 1 f o r  z e T J L e t  0 e [ 0 „ 2 n ]
and Q ( z ) = 2 ^ [ P { z )  - PJE(lQ)] f o r  z e K. Then Q has  no
c o n s t a n t  term and Q , / l0 I s  a p o l y n o m i a l  o f  d e g r e e  n o r  l e s s .
From Theorem 1 , 1 1  | Q ( z ) / z J  < 1 f o r  z e U - { Of .  By t h e
I n d u c t i v e  h y p o t h e s i s , ,  | 2 " 1ap + 2 [ l  E ( ( p  + l ) l @ ) ] |  < 1 „ f o r
p = 0 , l , M M. n.  Upon s e t t i n g  0 = tt/ p  we h a v e  | a^ | < 1 r f o r
p = l ( 2 t . . . , n + l .  F i n a l l y  | a Q | -  | P { 0 ) |  < 1 .
Th e or e m 2 , 4 .  I f  f  i s  a  d i f f e r e n t i a b l e  f u n c t i o n  on  U„ 
t h e r e  e x i s t s  a  p o w e r  s e r i e s  a n z n w h i c h  c o n v e r g e s  u n i f o r m l y
on  c o m p a c t  s u b s e t s  o f  U t o  f„
P r o o f . From Theor em 2 . 3 ,  t h e r e  e x i s t s  a s e q u e n c e  o f
p o l y n o m i a l s  P p P ^ . s u c h  t h a t  f o r  n e ao i P ^ t z )  P j ( z ) |
< l / 2 n i f o r  z e and  l , J  > n fc 1 „ J e uu. L e t  n  £ w.
Then  f r o m  Lemma 0 . 6 1 | a l p  a j p | < [ 2 n ( l - l / n ) p ]*’\  f o r  1»J
oo
> n„ l t j  e in,, and p e uu„ w h e r e  l a  a  e e q u e n c e
I n  Kt s u c h  t h a t  = Lo* BLJ p z,P ^o r   ^ e Thus  ^o r  P e w *
t h e r e  e x i s t  s a p e K s u c h  t h a t  f o r  n e «>r | a p - a l p | <
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2 L 2r‘( 1 ~ ! / ‘n )' j * f o r  a l l  1 ;> n,  l  e <jt> *
L et  n e , and l e t  n Q d e n o t e  t h e  d e g r e e  o f  P . Then f o r
p > nQi p t w t a np - 0 and h e n c e  | a p | = | a p - a n p | < 2[ 2n
( 1 - 1 / n  )P J 1 . Thus l lm  sup | a | < (1 l / n )  ^ „ S i n c e  n l a
p.e.ao P 1 / p
a r b i t r a r y ,  we h a v e  l l m  aup | a _ |  <„ Thue t h e  power s e r i e s
p-->oo
T ( z )  -  Z.q  c o n v e r g e s  u n i f o r m l y  on c o m p a ct  s u b s e t s  o f  U.
L e t  z e U. Then f o r  n e w ,  s u c h  t h a t  | z |  < 1 - 2 /n , ,  we h a v e
I T ( z ) ~ Pn ( z ) | ~ JLp _Q ( ap a n p ) z p | < £ p _Q | a p - a n p | - | z  Jp <
Lp _o 2 11 l P[ 2n ( 1-  1 / n  )p ]  ^ < 2n ' * ( 1  r ) " 1 , w h ere  r -  ( 1 - 2 / n ) *
( l “ l / n ) ~ ^ .  Thus l lm  Pn ( zJ = T ( z K  S i n c e  by h y p o t h e s i s ,
n—>03
l l m  Pn ( z ) = f ( z ) ,  we h a v e  T( x )  -  f ( x )  f o r  a l l  x e U.  
n—>00
Theorem 2 . 5  L e t  2 be a c o n n e c t e d  open  s e t ,  z e S,
f p f g , . , .  a s e q u e n c e  o f  maps o f  S i n t o  K c o n v e r g i n g  u n i f o r m l y
on c o m p a ct  s u b s e t s  o f  S t o  a l i m i t  f u n c t i o n  f  „ and g i , g 2 , . . .
a s e q u e n c e  o f  d i f f e r e n t i a b l e  f u n c t i o n s  on S, s u c h  t h a t  f o r
OD
n e Rn ’ = and g n ( z c ) = 0 .  Then ( g n ) n=1 c o n v e r g e s  
u n i f o r m l y  on c o m p act  s u b s e t s  o f  S t o  a l i m i t  f u n c t i o n  g 0 , 
fluch t h a t  g 0 I s  d i f f e r e n t i a b l e  and g Q1 = f 0 „
P r o o f  L e t  H be a com p act  s u b s e t  o f  5 .  S i n c e  S I s  
c o n n e c t e d  t h e r e  e x i s t s  a c o l l e c t i o n  o f  s q u a r e s  
s u c h  t h a t  H u q  c. s ,  x Q e y . and y i s  c o n n e c t e d ,  w h er e  y =
^ ^  “ Then t h e r e  e x i s t s  M > 0 ,  s u c h  t h a t  f o r  x e Hp 
t h e r e  e x i s t s  a p o l y g o n a l  a r c  P w i t h  e n d p o i n t s  x and x Q, 
h a v i n g  l e n g t h  L( P)  and l y i n g  In  y„ By t h e  mean v a l u e  t h e o r e m  
f o r  r e a l  v a l u e d  f u n c t i o n s  and f o r  n„m e tuv | g n ( x )  - g m( x ) |
< 2M flupt c g  | g n ‘ ( t )  ■ g ffi' ( t } |  = 2M e ^ .  w h ere  e nm = s u p tfQ  
| f n ( t )  - P)lnce f pn ) c o n v e r g e s
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co
u n i f o r m l y  on  Q t o  f Qr l l m  e nm = 0 ,  and  t h u s  ( g n ) n = l
n v m—*• oo oq
c o n v e r g e s  u n i f o r m l y  on  Q,. He n c e  ( g n ] n _^ c o n v e r g e s  u n i f o r m l y
on  c o m p a c t  s u b s e t s  o f  3 t o  a  l i m i t  f u n c t i o n  g Q. From Lemma
2 , 3 f 0 (x ) - l l m f ( x )  ~ l l m g n ' ( x )  -  g.c ' ( x ) f o r  a l l  x e 3 .
n—^ co n-~**oo
b e f l n l t l o n  2 = 1 .  L e t  S be  a n  o p e n  s e t ,  g a  map o f  S i n t o  
K,  F a  c o l l e c t i o n  o f  f u n c t i o n s  on s u b s e t s  o f  K.  Then  t h e  
s t a t e m e n t  t h a t  F i s  an  I g  p c o l l e c t i o n  means  t h a t  F I s  a 
C<. c o l l e c t i o n  s u c h  t h a t . ,  f o r  f  e F, f ' { x )  ~ g ( x )  f o r  a l l  
x e S f .
T h e o r e m 2 . * .  L e t  3 b e  an  o p e n  s e t  h a map o f  I i n t o  
3 ,  f  and  g d i f f e r e n t i a b l e  f u n c t i o n s  on 3,  and a and b f K.
Then t h e r e  e x i s t s  an  I g  f  c o l l e c t i o n .  M o r e o v e r  i f  3 I s
c o n n e c t e d  and s i m p l y  c o n n e c t e d  t h e n  t h e r e  e x i s t s  a  d i f f e r e n t i ­
a b l e  f u n c t i o n  k on  S s u c h  t h a t  k '  -  f ,  and  a u n i q u e  n u mb e r  
1 = I a f  d h ,  s u c h  t h a t  i f  F I s  a n  1 c o l l e c t i o n ,  t h e n  I =Id y 1
I q F d h .  F i n a l l y  I*  ( a f  ♦ b g )  d h  = a . I ^  f  d h  + s  d h *
P r o o f . L e t  x t 3 and Rx b e  a c i r c u l a r  r e g i o n  w i t h  c e n t e r
x l y i n g  i n  3 .  From Th e o r e m 2 , 3 ,  t h e r e  e x i s t s  a s e q u e n c e  o f
p o l y n o m i a l s  . . . c o n v e r g i n g  u n i f o r m l y  on c o m p a c t  s u b s e t s
o f  t o  f .  T r i v i a l l y  t h e r e  e x i s t s  a s e q u e n c e  o f  p o l y n o m i a l s
Q i , Q o   Buch t h a t ,  f o r  n e w, Q „ ( x )  = 0 ,  and <4 ' = F .& n n n
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From T h e o r e m 2 . 5 ,  t Q n ) n = p c o n v e r g e s  u n i f o r m l y  on  c o m p a c t  
s u b s e t s  o f  Rx t o  a d i f f e r e n t i a b l e  l i m i t  f u n c t i o n  f  x t s u c h  
t h a t  f x ' ( y )  -  f ( y )  f o r  a l l  y e R .
L e t  x vy e 3 and F ( z )  = f Y( z )  - f „  (/. ) f o r  a l l  z t  Rv d R .A y  x y
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S u p p o s e  F ( u )  £ F ( v )  f o r  some u , v e R n R . By t h e  mean
X j
v a l u e  t h e o r e m  f o r  r e a l  v a l u e ]  f u n c t i o n s  t t h e r e  e x i s t s  w i n  
t h e  l i n e  s e g m e n t  w i t h  e n d p o i n t s  u and v,  s u c h  t h a t  F f ( w ) $•
U„ B u t  F 1 ( w ) -  f x ' ( w)  - f y ' ( w )  f ( w)  - f ( w ) = C.  Thus  
I s  a n  f c o l l e c t i o n .  Now i f  i s  c o n n e c t e d  and  s i m p l y  
c o n n e c t e d ,  t h e n  t h e  e x i s t e n c e  o f  a d i f f e r e n t i a b l e  f u n c t i o n  
h ,  s u c h  t h a t  h '  = f ,  f o l l o w s  f r o m  T h e o r e m 1 . 5 .
L e t  F a nd  G b e  I c  ^ c o l l e c t i o n s  and x f f . T h e r e  e x i s t
f x £ F and p’x f il, s u c h  t h a t  x t Gf and x r Gy « L e t  Rx be
X X
a c i r c u l a r  r e g i o n  w i t h  c e n t e r  x l y i n p  I n  n G , and  l e t  
f x — f x | R x and  p x — F x | Rx » Then  Fc - ( ^x^xeT,  aric^
1 i
a r e  I ^ , f  c o l l e c t i o n s ,  s u c h  t h a t  I q F dh  -  I q Fq d h  and
1q □ d h  -  I q  Gq d h .  C l e a r l y  H ^ Fq U Gq i s  a n  I c, ^  c o l l e c t i o n ,
a n d ,  f r o m  T h e o r e m  1 . 1 ,  I q Fq d h  = 1^  GQ d h .  Then I q F d h  =
I q G d h ,  and c o n s e q u e n t l y  I q f  d h  I s  u n i q u e l y  d e f i n e d .
We c a n  o b t a i n  1^  ^ c o l l e c t i o n s  ( v i d e  s u p r a )  M and N 
s u c h  t h a t  ^  r e a d i l y  t h a t  » * I q f  dh
+ b " l Q  & d h  = I q ( a f  + b p )  d h .
T h e o r e m  2 , 7 , .  L e t  be  a  s i m p l y  c o n n e c t e d  Often s e t .
T a s i m p l e  c l o s e d  c u r v e  i n  3,  z Q e. I ( T ) ,  and  f  a  d i f f e r e n t l -  
a b l e  f u n c t i o n  on f . Then  f ( z 0  ^ ~ ( 2 n l )  x x f ( z ) / ( z - z c ) d z
( 1  ) .
P r o o f ,  From T h e o r e m 2 , 3 .  I f  Q = CJ, .  . t h e n  „ i s11 Z.Q
d i f f e r e n t i a b l e  on  f .  From T h e o r e m  2 . f ,  I ^  f ( z ) / ( z - z 0 ) d z  - 
I  T f ( z 0 ) / ( z - z G ) d z  = I g ( z )  d z  - 0 V and  t h u s  I f ( z ) / ( z - z Q ) 
c z = f  ( z t ) I  T ( z ■ z 0 ) 1 d z .
3 1
I f  L l e  an La _ c o l l e c t i o n ,  t h m ,  f o r  f  e L, E f ( z )  =
S , Z,0
i ' - z 0 , f o r  z e R^, and h e n c e  1 = E f ( z ) ' f 1 ( z )  f o r  z £ S f .  Thue 
L l e  an I s - { z Q) , ( z - z D }  ^c o l l e c t i o n  and t h e r e f o r e  from Theorem
1 . 1 0 ,  I  T ( z  z c ) 1 = I  T L dz  -  2tt1 . Hence  I  T f ( z ) / ( z - z n ) dz
-  2tt1 f < * 0 ) .
R em ark. We c a n  r e a d i l y  show t h a t  I f  T I s  r e c t i f i a b l e ,  
t h e n  /  T f ( z ) / ( z - z Q) dz  l e  d e f i n e d  and e q u a l  t o  I  ^ f ( z ) / ( z - z 0 ) 
d z ,  and h e n c e  ( 1 )  r e d u c e s  t o  t h e  Cauchy I n t e g r a l  F o rm u la .
Theorem 2 . 8 .  L e t  0 < r Q < 1 and f  a d i f f e r e n t i a b l e
f u n c t i o n  on S = U ~ ^ rQ - Then t h e r e  e x i s t s  a po w er  s e r i e s
a n z n c o n v e i *Sln8  u n i f o r m l y  on c o m p a ct  s u b s e t s  o f  S t o  f .
P r o o f . F or  n r tn„ l e t  e n = ( l - r 0 ) / 7 n ,  Vn = ur 0 + 2 e n ~
^ r 0+c n * s n = Ul - 3 € n ' Wn = Ul - e n “ ^ l ~ 2e n > pn =
and + ^ e n  ^r o ® Theorem 2 . 7  and t h e  p r o o f  o f
Theorem 1 . 9 ,  we h a v e ,  f o r  n e w  and x e Sn , 2 tt1 f ( x )  =
I p f ( z ) / ( z  x )  dz  « I 0 f ( z ) / ( z - x )  d z .  F or  x c U-, t
r n ''n x” o c n
s e t  6n ( x )  = I f ( z ) / ( z ~ z 0 ) d z ,  and f o r  x e Rn = K -  ^ r 0 + e e B *
B . t  ta ^ *  ) = - I  q f ( z ) / ( z » z Q) d z ,  f o r  n e U).
L e t  n e w t x Q e R^,  and x ^ X g ,  , , . a s e q u e n c e  o f  p o i n t s
I n  Rn , d i s t i n c t  from x Q, c o n v e r g i n g  to  x Q. For z e WR and
p e ®, s e t  Vp ( z ) = f  ( z  }[ ( z -X p  ) ( z - x Q ) 3"1 and v0 U )  = f  ( z.) /
P 00
( z - x 0 ) . Then [Vpjp--^ I s  a s e q u e n c e  o f  d i f f e r e n t i a b l e  
f u n c t i o n s  c o n v e r g i n g  u n i f o r m l y  on Wn t o  v Q. E x p r e s s i n g  Wn 
a s  t h e  u n i o n  o f  two s i m p l y  c o n n e c t e d  and c o n n e c t e d  op en  s e t s ,  
and a p p l y i n g  Theorems 2 . 5  and 2 . 6 , we d e d u c e  t h a t
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[ S n ( x p )  " 8 n ( x o J ^ x p ‘ x o ) ~ 1 = 1 Pn f ( z ) ^ z “ x p J t x p “ x o ^ ’ 1 d z
■ I p  f  ( z  )[ ( z x 0 ) ( x ^ i 0 J] ' 1 d z  = I vn ( z )  dz  c o n v e r g e s  
n * n
t o  I v 0 ( z )  d z  a s  P “ *oa Thus g n l a  d i f f e r e n t i a b l e  a t  x Qf 
and gn ' ( x 0 ) = I p d z * S i m i l a r l y  l e  d i f f e r e n t i a b l e
on R^. C l e a r l y  l l m  hn ( x )  = 0*
X—*-QD
For  n > m, n, m t  rn, g n ( x )  = 6B ( x )  f o r  x e and
hn ( x )  = hB ( x )  f o r  a l l  x e Rm. Thus t h e r e  e x i s t  d i f f e r e n t i a b l e
f u n c t i o n s  g d e f i n e d  on U and h d e f i n e d  on K -  U r 0 » s u c h
t h a t  g ( x )  = gn ( x )  and h ( x )  = hn (x)  f o r  x e Sn , f o r  a l l  n e
uu Then 2 n i  f ( x )  = g ( x )  + h ( x )  f o r  x e U -  TJ . From Theorem
1 oGD n2 . 4 ,  t h e r e  e x i s t s  a p o w er  s e r i e s  £q  aQz c o n v e r g i n g  u n i f o r m l y  
on c o m p a c t  s u b s e t s  o f  U t o  g .  Now f o r  z e U ] y r  , l e t  k ( z )  = 
h ( l / z )  i f  z |  0 , and k ( z )  = 0 , i f  z = 0 .  Then k i s  c o n t i n u o u s
on  and d i f f e r e n t i a b l e  on U ] y r  -  [ 0 ) .  From Theorem
2 . 3 ,  k i s  d i f f e r e n t i a b l e  on U and from Theorem 2 . 4 ,  t h e r e  
e x i s t s  a pow er  s e r i e s  bn z n c o n v e r g i n g  u n i f o r m l y  on c o m p a ct  
s u b s e t s  o f  U i / r *0 t o  k .  Then f o r  p e ou, ° n jI1 c o n v e r g e s
u n i f o r m l y  to  f  on Sp, w h ere  f o r  n s id, c n = an i f  n > 0 ,
c n = bn i f  n < 0 V and c R = a0 + bQ i f  p = 0 .
CHAPTER I I I
In  t h i e  c h a p t e r  we a r e  c o n c e r n e d  w i t h  t h e  r e m o v a b l e  
s i n g u l a r i t y  p r o b l e m .  Our a p p r o a c h  l a  m o t i v a t e d  by t h e  
a rg u m en t  f o r  t h e  c a s e  when t h e  s i n g u l a r i t y  i s  a  s i n g l e  
p o i n t ,  g i v e n  by P o r c e l l l  and C o n n e l l  (Cf „ [ l ]  and [ 5 ] ) ,  
u s i n g  d i f f e r e n c e b  o f  d i f f e r e n c e  q u o t i e n t s .
oo
D e f i n i t i o n  3 . 1 .  L e t  A c K, and B = be  a
s e q u e n c e  o f  s u b s e t s  o f  A. Then B i s  c a l l e d  a p a r t i t i o n  o f
co
A, i f  A = U 1  B1 and B ± n Bj = 0 ,  f o r  1 £ j ,  I , J e ud . I f  C
” ( c l J  i s  a p a r t i t i o n  o f  a , t h e n  C i s  c a l l e d  a r e f i n e m e n t
o f  B „ i f  f o r  e v e r y  1 e  u>, t h e r e  e x i s t s  J e w ,  s u c h  t h a t  Cj
t- o We s h a l l  c a l l  A an M s e t ,  i f  f o r  e v e r y  e > 0 ,  t h e r e
oo
e x i s t s  a p a r t i t i o n  T o f  A, s u c h  t h a t  i f  V = ( v i ) i = i  10 a 
r e f i n e m e n t  o f  T , t h e n  ft(V^ )2 < e .
L e t  f  be  a f u n c t i o n  on a s u b s e t  o f  K c o n t a i n i n g  A. Then  
f  s h a l l  be  c a l l e d  an f u n c t i o n ,  i f  f o r  e v e r y  e > 0 , t h e r e
OD
e x i s t s  a  p a r t i t i o n  T o f  Af s u c h  t h a t  I f  V = f VA 31 —i  I s  a 
r e f i n e m e n t  o f  T, t h e n  ft[ f  ( Vj_ ) J2 < e .  We s h a l l  c a l l  f  a
f u n c t i o n ,  i f  f o r  e a c h  x e A, t h e r e  e x i s t s  > 0 ,  s u c h
t h a t  | f ( y ) -  f ( x ) | - x )  f o r  a l l  y e A.
Theorem 3 . 1 .  L e t  A c B c K .  I f f  and g a r e  f u n c t i o n s  
on B p su c h  t h a t  f [ A  and g | A  a r e  b o u n d e d ,  t h e n  f+ g  and f * g
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a r e  MA f u n c t i o n s .  I f  h l e  a  P A f u n c t i o n  on B,  and  A l e  a n  M 
p e t ,  t h e n  h l e  an  Y .  f u n c t i o n .
P r o o f .  T h e r e  e x i s t s  M > 0 ,  s u c h  t h a t  | f ( x ) |  + | g ( x ) |
< M f o r  a l l  x e A. L e t  r > 0„ T h e r e  e x i s t s  a  p a r t i t i o n  T o f
00 QQ
A, s u c h  t h a t  i f  V -  I s  a  r e f i n e m e n t  o f  T,  t h e n
f [ k ( V ^ ) ] 2 < I n f  [ e / 4 M 2 k e / 4 ]  f o r  k = g and  k = h .  L e t  W = 
oo
( W1 ] 1=1 b e  a  r e f i n e m e n t  o f  T,  1 e u>„ and  x , y  e W^. Then  
l ( f + g ) ( y )  -  ( f + g ) ( x ) ] 2 < [ | f ( y )  • f ( x ) | + | g ( y ) -  g ( x ) | ] 2
< 2 | f ( y )  * f ( x ) | 2 + 2 i g (y ) -  g ( x ) | 2 .
Thus 6[ ( f + g ) ( )  ] 2 < Sf t f f t W^ ) ] 2 + Sf t Cgt W^) ] 2 , and h e n c e  
6 1 ( f + g J t W i ) ] 2 < 2 ( e / 4  ) + 2 ( e / 4 ) = e .  Thus f+ g  l e  an  
fu n c  t l o n „
S i m i l a r l y  f o r  1 e u># and  x vy e W1 , | ( f * g j ( y )  -  ( f * g ) ( x ) | 2
= I C f ( y ) g ( y )  -  f ( y ) e U ) ]  + C f ( y ) g ( x )  ■ f ( x ) g ( x ) ] j 2
< 2H2 [ | f ( y )  - f ( x ) | 2 + | g ( y ) g ( x j | 2 ] .
Thus  ( f  *g ) ( J ] 2 < 2M2 f i f f ^ ) ] 2 + A[g(W1 ) ] 2 < 2H2 -
2 * [ e / 4 M 2 ] = e .  He nc e  f * g  i s  a n  MA f u n c t i o n .
F o r  n e u u ,  L e t  An -  {x e A | n - 1  < < n j .  S u p p o s e
n e w ,  a nd  H c An . L e t  x , y  e An » I f x  e AJ1 a nd  y e A, t h e n
I h ( x ) -  h ( y ) | < Mh ^ | x « y |  < n | x - y | .  Thus  f i [ h ( H) ]  < n A( H ) .
L e t  c > 0 ,  S i n c e  A l e  a n  M s e t ,  f o r  n e uu„ t h e r e  e x i s t s  a
p a r t i t i o n  Tn = { j ^  —x ° o f  A* s u c h  t h a t  I f  V
a  r e f i n e m e n t  o f  Tn „ t h e n  £ )  ] 2 < e / n 2 n . F o r  1 e uu,
00 00 
l e t  = Tn l  f) An . T he n  Un ^ = i  = Un i =x Tn l  n  An  =
^ n = l  ^ n  n £ ^ 1 =1  ^ n l   ^ = ^1 An  = S i m i l a r l y  Bn ^ n Bmj = 0
. , 00 f o r  1 f  J o r  n £ m„ Thus  (Bn l J 1=1 I s  a  p a r t i t i o n  o f  A.
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I f  V = ft r e ^ i n e m e n t  t h e n  E^0 f i [ h ( V^ ) ] ^  =
° ° r /  00 OO — . , 2  CD r , n
En | 1 = 1  * [ h ( V n l j J -  < En=1 n . x * [ h ( V n l ) r  < En=1 n [ e / 2 n n ]
-- £ „ w h e r e  f o r  f i x e d  n a id, f v n i } i  =1° * s t h e  c o l l e c t i o n  o f  
a l l  e l e m e n t s  o f  V l y i n g  I n  An , and h e n c e  f v n i ^ i =i °  I s  a 
s u b c o l l e c  t i o n  o f  a r e f i n e m e n t  o f  Tn «. Thus  h I s  an  M A f u n c t i o n .
T h e o r e m 3 , 2 .  I f  A c  B c K and  f  a n d  g a r e  P A f u n c t i o n s  
on  B t h a t  a r e  b o u n d e d  on A, t h e n  f + g  a nd  f * g  a r e  P f u n c t i o n s .A
I f  h I s  a  PA f u n c t i o n  on  B and m( A)  = 0 .  t h e n  m [ h ( A ) ]  = 0 .
I f  S I s  a n  o p e n  s e t ,  H a  c o m p a c t  s u b s e t  o f  S,  and  f  i s  a  
d i f f e r e n t i a b l e  f u n c t i o n  on  S,  t h e n  f  i s  a  P H f u n c t i o n .
P r o o f . T h e r e  e x i s t s  M > 0 ,  s u c h  t h a t  | f ( x ) |  + | g ( x ) |  <
M f o r  a l l  x e A„ L e t  x e A.  Then  f o r  a l l  y e A,
| ( f + g ) ( y )  - ( f + e ) ( x ) |  < 1f C y ) -  f ( x ) |  + J g ( y )  -  g ( x ) |
s  Mr , x | x --Vl * Mg , x | x - H  
= £Mf , x  ■> » e , x M * - y l :
a l s o ,  | ( f * g ) ( y )  - ( f . g ) ( x ) |
= l [ f ( y ) g ( y )  -  g ( y ) f ( x ) ]  + f g ( y ) f ( x )  - f ( x ) g ( x ) ] |
< | g ( y ) l * l f ( y )  -  f ( x ) J + | f ( x ) | - J g ( y )  -  g ( x ) |
— ^ f , x  + A g  x ] • f x * ' y I  • a .
Thus  f  + g and f . g  a r e  P A f u n c t i o n s .
S u p p o s e  m(A)  = 0 and e > 0 .  F o r  n e id, s e t  An = (x eA |
OO
Mh , x  < n l* Then  An = Ay and m( )  = 0 .  T h e r e  e x i s t s  a
oo
c o l l e c t i o n  f R ^ ) ^  o f  c i r c u l a r  r e g i o n s ,  s u c h  t h a t  f o r
n e (i), An c. u i = i °  Rn l y flnd **1=1° ft( Rn l  ^  < t /nTT2n . Then  f ( A)
1 U n . l ^ r  and £ n . i = f  " x[ m n l ) ] 2 < £ „ = ?  " n . £ 1=f
)3 < En = i  n *£j  e / 2 n n -  e .  Thus  m [ f ( A ) ]  < e .  S i n c e  e
3ft
l e  a r b i t r a r y ,  m [ f ( A ) ]  = 0 .
L e t  x f H and g. = g^ ( c f .  Theorem 1 . 1 2  f o r  t h e  d e f ­
i n i t i o n  o f  Qh x ) .  Then Q I s  c o n t i n u o u s  on H and t h e r e  e x i s t s
M > 0 ,  s u c h  t h a t  | g ( z ) |  < M f o r  a l l  z  t  H. Thue f o r  z £ H,
z  £ x ,  | f ( z )  -  f ( x ) | = | Q( z  ) . ( z - x )  ( < M| z ~ x  | .
Theorem 3 . 3 .  I f  A l a  a c l o s e d  s u b s e t  o f  U and f  a  map 
o f  TJ s u c h  th a t ,  f  I s  d i f f e r e n t i a b l e  on U-A, t h e n  f  I s  
d i f f e r e n t i a b l e  on U, I f  e i t h e r
1 .  A0 = A-C (C = U-U) I s  an M s e t  and f  I s  an
f u n c t i o n ,  o r
2 .  m(A-. ) = 0 ,  and f  I s  a P.  f u n c t i o n .
°  o
P r o o f .  For x e U-A,  l e t  hx -  Q f  x . For  x , y  e U-A,  l e t
h x „ = h_ -  h , and C b e  t h e  s e t  o f  a l l  numbers c ,  s u c h  t h a t  y A y
t h e r e  e x l s t B  a com p o n en t  S o f  U-B, w h er e  B = A U f x ]  U f y ) ,  
s u c h  t h a t  hXy ( z )  = a + c z  f o r  z e S,  f o r  some a e K. C l e a r l y
C I s  empty o r  c o u n t a b l e .  Hence t h e r e  e x i s t s  a s e q u e n c e  o f
p o s i t i v e  numbers c i  > c g > c o n v e r g i n g  t o  0 , e a c h  l y i n g
I n  K-C.  For z e U, 1 e  <i>, s e t  w . ( z )  = h „ _ ( z )  -  c _ z .  From± AJ 1
o u r  c o n s t r u c t i o n  i s  n o n - c o n s t a n t  on e a c h  c om p onent  o f  U-B,
and t h u s  I s  l i g h t  on U-B, f o r  1 f uu.
S u p p o se  1 h o l d s .  Then BQ = B-C I s  an M s e t .  For  z e
TJ -  f x ] ,  l e t  p ( z )  = ( z - x ) ' 1 . Then p i s  d i f f e r e n t i a b l e ,  and
h e n c e  from Theorem 3 . 2 ,  p i s  a PR f u n c t i o n .  S i n c e  BQ i s
o
an M s e t ,  from Theorem 3 . 1 ,  p m ust  be  an MR f u n c t i o n .  Then
Do
s i n c e  f  I s  a  bounded Mg^ f u n c t i o n ,  and p I s  bounded on BQ,
v e  h a ve  from Theorem 3 . 1 ,  t h a t  f n ‘ P i s  an MR f u n c t i o n ,Do
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w h ere  f Q = f | T J - { x } .  C o n t i n u i n g  i n  t h i s  m anner ,  we d e d u c e
t h a t  WA 1 b an Mg f u n c t i o n  f o r  1 e w. I f  i  e uu, t h e n  by
D e f i n i t i o n  3 . 1 ,  mCwi ( S 0 ^  ~ 0i> and t h u s  w^CBq ) i s  now here
d e n s e  i n  K. Then from Theorem 1 . 1 1 , f o r  z e TJ, | h x y ( z ) |  -
Ic i  f < | h x y ( z )  + c l Z | = Iwx ( z ) I < s u p teC | wx < t ) I  < Txy +■
c i , ^ b e r e  Txy  = aupteC | h x y ( t ) | ,  and h e n c e  | h x y ( z ) |  < Txy
1 2 | c 1 | .  S i n c e  l i m  c^ = 0 , we h a v e  |h  ( z ) |  < Txy f o r  z e TJ.
1—»>oo
S u p p o se  2 h o l d s .  Then m(B0 ) = 0 .  S i n c e  f  and p a r e  Pg^
f u n c t i o n s ,  from Theorem 3 . 2 ,  f  *p i s  a PH f u n c t i o n .  C o n t i n u i n go dq
i n  t h i s  manner we d e d u c e  t h a t  w. i s  a Pn f u n c t i o n  f o r  1 el  Bq
«). Then from Theorem 3 . 2 ,  s i n c e  m(B0 ) = 0 ,  we h a ve  m[ w^( Bc ) ]
-  0 .  Then,  as  a bove ,  we have  | h x y ( z ) |  < Txy f o r  z e TJ.
Hence  i n  t h e  c a s e  w here  1 o r  2 h o l d s ,  l e t t i n g  x Q e A-C,
and x ^ , X g , . . .  be  a s e q u e n c e  o f  p o i n t s  o f  U~A c o n v e r g i n g  t o
x Q, we h av e  | h X l <x0 ) -  hX j ( x D )l  = | h x ( x Q) |  < TX1XJ f o r
1 , J  e tw - C l e a r l y  l lm  Tx Tx = 0 and h e n c e  [ h x . ( x ) J * - j 0
1 ,  J-*oo
I s  a Cauchy s e q u e n c e .  I f  y ^ y j g , . . .  i s  a s e q u e n c e  i n  U-A
c o n v e r g i n g  t o  x Q, t h e n  { h ( x 0 ) 1 i s  a Cauchy s e q u e n c e .
Now x ^ , y ^ , X g , y g , . . .  i s  a s e q u e n c e  I n  U A c o n v e r g i n g  t o  x Q,
and h e n c e  hx i ( x Q ) ,  hy i  ( x Q ) t hX;3 ( x Q ) ,  hy ^ ( x Q ) .  . .  I s  a l s o  a
Cauchy s e q u e n c e .  Thus l l m  hX l ( x Q) must e q u a l  l l m  h y ( x 0 ) .
i - > o o  . i —s*oo 1
S i n c e  hX i ( x Q) = [ f t x j )  -  f ( x Q) ] . [ x i - x 0 ] “ f o r  i  e uk f  must
b e  d i f f e r e n t i a b l e  a t  x Q. Thus f  i s  d i f f e r e n t i a b l e  on U.
Lemma 3 1 .  I f  T i s  a r e c t i f i a b l e  s i m p l e  c l o s e d  c u r v e ,
H a c o m p a c t  s u b s e t  o f  K- T,  A a s u b a r c  o f  T w i t h  e n d p o i n t B
x and y ,  and a > 0 ,  t h e n  t h e r e  e x i s t s  and a r c  B i n  T U I ( T )
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and an a r c  TQ c  T„ w i t h  common e n d p o i n t s  u and v ,  s u c h  t h a t
A c Tc , B n  T = {u)  U f v ] ,  | u - x | , j v - y |  < b,  L( B)  < 8L ( A) ,  
w h er e  L(A)  d e n o t e s  t h e  l e n g t h  o f  A„ and H c E(B U TQ) .
P r o o f « L e t  W be  a Bubarc o f  T w i t h  e n d p o i n t s  p arid q 
and f ( t )  = L ( [ p pt ] )  f o r  t  e W„ w h ere  [ p „ t ]  d e n o t e s  t h e  s u b -
a r c  o f  w w i t h  e n d p o i n t s  p and t D Then c l e a r l y  f  I s  o n e - t o -
o n e  and c o n t i n u o u s , ,  and h e n c e  f  I s  a homeomorphism.
L e t  A0 be  a aubarc  o f  T w i t h  e n d p o i n t s  a and b„ s u c h  
t h a t  A & A0 , x 4 [ y  p t b  end su ch  t h a t  L( [ a ,  x ] ) ,  L( [ y „ b ]  ) <
I n f  [ b ,  | x - y | / 6 ] .  L e t  e >  0 ,  and x =  x Q <  x^ <  . „ . <  x Q+  ^ =
y be a s u b d i v i s i o n  o f  Ae s u c h  t h a t  L ( [ x l P x 1 + ^ ] )  < 2 ' 1 i n f  
[ A , T - ( a , b ) ] ,  t  „ | x - y | / 6 ] ,  For  1 = 0 , 1 , . „ . , n , l e t  be  
t h e  s q u a r e  w i t h  s i d e  2  L( [ x^pX^ + i ]  ) and c e n t e r  w i t h  s i d e s  
p a r a l l e l  t o  t h e  x and y a x i s .  I f  Q, -  U° 1 X 0 ^ 7 ,  t h e n  Q 0 T 
t- Aq . I f  P = B(Q)„ t h e n  P I s  a s i m p l e  c l o s e d  c u r v e  s u c h  t h a t  
A t- I ( P ) ,  and 6 ( p , A )  < s ,  f o r  a l l  p e P.  From t h e  p r o o f  o f  
Theorem 1 . 6 „ we may c h o o s e  e „ so  t h a t  H U [ T -  ( a , b ) ]  &
K(P)  . Then s i n c e  x„y  e I ( P ) „  we h a v e  ( a , x )  n P £ 0 and ( y , b )
n p 4= p .
There e x i s t s  an a rc  M c P t w i t h  e n d p o i n t s  and y ^ ,
su c h  t h a t  A0 fl M = { xj ) U {y 3  ^x i  e  T a , x ]  and y^  ^ e [ y , b j .
Thus PQ = P - [M-Aq ] I s  a su b a r c  o f  P* i n t e r s e c t i n g  [ a „ x ]  
and [ y , b ] p and h e n c e  t h e r e  e x i s t s  an a r c  N c F0 , w i t h  e n d ­
p o i n t s  Xg and y 2 , s u c h  t h a t  N n A0 = [Xg]  U { yg} *  x g t  [ a , x ] ,  
and y 2 e [ y , b ] .
S u p p o se  b o t h  o f  M-A0 and N*A0 l i e  I n  t h e  same co m p o n e n t
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I) o f  &-A. L e t  M0 = M U [ x - ^ y ^ ]  and NQ = N U [ ^ f Y s ]  S i n c e  
M n N - Ac -  0 r M A0 c  E(Mq ) ( o f .  [ 9 ] ,  p 3 1 ) .  N-AQ £ E(M0 >,
i x 2 X I < l x - y l / 3 ,  | y 2~ y |  < | x - y | / 3 ,  and h e n c e  t h e r e  
e x i s t s  w e N, auch t h a t  | w x |  > | x - y | / 3  and | w - y | > | x - y | / 3 .
by o u r  c o n s t r u c t i o n  o f  P, t h e r e  e x l B t B  a p o l y g o n a l  a r c  w £
0, w i t h  e n d p o i n t s  w and z ,  s u c h  t h a t  W n P = {w} p and W n 
Aq = { z ] s and s u c h  t h a t  L(w) < | x - y | / f t .  I f  z  e [ x . y ] ,  t h e n  
s i n c e  w e E(M0 ) P W ~ f z j  £ D„ and we m ust  h a v e  W n M £ 0 .  
b u t  t h e n  [ W -  {wj ] n P £ 0.. Thus z  e [ a , x ]  o r  z e [ y , b ] ,  and 
t h u s  | w - x j  < | x - y | / 3  o r  | w - y |  < | x - y | / 3 s w h ic h  l a  I m p o s s i b l e .  
H ence  M £ I(f~J o r  N £ TTY11 | x ^ - x |  < s P and i y ^ - x l  < a ,  f o r
1 = 1 , 2 .  F i n a l l y  L(M) and L ( N ) < 8 L ( [ x l y x 1 + 1 ] )  = 8 L ( A ) .
We now g i v e  a new p r o o f  o f  a c l a s s i c a l  t h e o r e m  ( c f .
T i t u s  and Young [ 7 ] ) .
T h e o r e m 3 . 4 ,  I f  A I s  a r e c t i f i a b l e  a rc  I n  I] w i t h  e n d ­
p o i n t s  a and D su ch  t h a t  A 0 C -  ( a )  U fb ]  p and f  a map o f  
U su ch  t h a t  f  i s  d i f f e r e n t i a b l e  on U-Ay t h e n  f  I s  d l f f e r e n t l -  
a b l e  on U.
P r o o f . L e t  and Dg d e n o t e  t h e  c o m p o n e n ts  o f  U-A. Then  
f o r  1 - 1 v 2 , t h e r e  e x i s t  from Theorem 2 . 6 p a d i f f e r e n t i a b l e
f u n c t i o n  g^ on w s u c h  t h a t  g ^ t z )  = f ( z )  f o r  z e Dj_. For  
1 = 1 , 2  we s e t  S u p p o se  p e T  ^ and ft > 0 .  L e t  B
be  a s u b a r c  o f  w i t h  e n d p o i n t s  a and b p s u c h  t h a t  p e ( a , b )  
and L(B)  < f t /2 4 ,  and R b e  a c i r c u l a r  r e g i o n  w i t h  c e n t e r  p 
and r a d i u s  l e s s  th a n  f t / f l„ su ch  t h a t  T^  n R £ ( a , b ) .  Then
4C
t h e r e  e x i s t  l i n e  s e g m e n t s  P and Q, l y i n g  i n  R w i t h  e n d p o i n t s
r e s p e c t i v e l y  and P g ,  and q-  ^ And s u c h  t h a t  P n Tj =
i P 2 ) „  Q fl Tj = ^ 2 *^ Hence ®ach o f  L (P )  and L(Q) l a  l e s s  
t h a n  f t /3 .
From Lemma 3 „ 1 t h e r e  e x i s t s  a p o l y g o n a l  arc  W, w i t h  
e n d p o i n t s  x and y , s u c h  t h a t  [ p g » q 2 ] ^ ( x , y )  and p ^ q ^  4
I(WQJf w h er e  WQ = w U [ x sy ] p and s u c h  t h a t  L ( [ x py ] )  < 8 L ( B ) .
Then W n P £ 0 and W n Q ^ 0 ,  and t h e r e  e x i s t s  an a r c  t  
p U Q U W w i t h  e n d p o i n t s  p^ and q^„ Hence L(w^) < ft/ 3  + ft/3  
+ 8 L(B) < ft and 1 ( P x ) -   ^i ) I < 2 L(wx )-  BuptcWl I (5^  ' ( t . ) t
< 2ft s u p ^ £ y ( f ( t ) | .  ThUB g^ may be  c o n t i n u o u s  e x t e n d e d  t o  
I)4 f o r  1 = 1 , 2 .
For  e > 0 , t h e r e  e x i s t s  6 > 0 , s u c h  t h a t  x Py e TJ and 
J x ~ y |  < 6 i m p l i e s  | f ( x )  -  f ( y ) |  < e .  L e t  p and q be  p o i n t s  
o f  A, s u c h  t h a t  L ( [ p pq ] )  < ft/8 , and s e t  e 0 = e L ( . [ p pq ] ) / 8 .
L e t  1 e  ( 1 , 2 ) .  Then from Lemma 3 .1 ,  t h e r e  e x i s t s  a p o l y g o n a l  
a r c  P^ t  ^  w i t h  e n d p o i n t s  p ^ pq^ e A, su c h  t h a t  L (P^)  < 8 
L ( [ p , q ] )  < ft, P1 n Ta = f p 1 v Q ^ . and | f ( p ) | • |p ■p1 | , | f ( p  ) | •
Iq-Ql I » |g1(Pl ) - 81 (P ) I Jgi U *  ) - g4(q)l < «0 - For z e K »
l e t  h 1 ( z )  -  g j t z )  - f ( p ) z .  Then M = [ g 1 ( p )  - g j i q ) ]  -  [ g 0 (p )  
g 2 t q ) ]  = f h j t p )  - h 1 ( q ) ]  - [ h g ( p ) h g ( q ) J p and | h 1 (p )  -
- h1 ( p 1 ) |  < | ( P± ) ■ g t ( p ) l  + I r ( p  ) | " |p —P i |  < e c + e c =
3 e 0<. S i m i l a r l y  I h j t q ^ )  -  ( cj) I < 2 e Q.
L e t  N = Chx ( p x ) -  hx <q ^ ) D -  [ h 2 ( p 2 ) -  h g ( q 2 ) ] .  Then 
|M-HJ < 8 e 0 = e L ( [ p pq ] ) .  Now f o r  1 = 1 , 2 ,  | h 1 ( p 1 ) -  h ^ q ^ l
< 2 LtPj^) . s u p t g p^ l ^ ' t t ) !  < 16 L ( [ p Pq ] ) • s u p tEp i  | f ( t . )  -  
f ( p ) I < 1 6 e L ( [ p , q ] ) .  Thus |N |  < 3 2 e L ( [ p , q ] ) P and |M| <
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|M - N |♦ |N |  < e L ( [ p , q ] )  + 32 L ( [ p , q ] )  = 3 3 e L ( [ p , q ] ) .  L e t  u , v
e A. Then t a k i n g  a s u i t a b l e  s u b d i v i s i o n  o f  [ u , v ] ( we s e e  t h a t
M1 = t S i < u )  “ < v ) D -  Cg2 ^u  ^ “ 8 2 < v ) ]  < 3 3 e L ( [ u , v ] )  < 33
L ( A ) e .  S i n c e  e i s  a r b i t r a r y ,  Mj = 0 .  Thus t h e r e  e x i s t s  c e 
K» s u c h  t h a t  g-j_(z) + c = g g ( z )  f o r  z  e  A. L e t  g ( z )  = 6 ]_(z)
+ c ,  f o r  z e C i  and g ( z )  = 62 ( z )  f o r  z  e Eg -  A.
U s in g  a b o v e  m e t h o d s ,  we d e d u c e  t h a t  f o r  u , v  e  A, we 
h a v e  | g ( u )  -  g ( v ) |  < 8 L ( [ u , v ] ) .  Thus g i s  o f  bounded v a r ­
i a t i o n  on A and g i s  an MA f u n c t i o n .  S i n c e  A i s  r e c t i f i a b l e ,  
A i s  an H s e t .  Then from Theorem 3 . 3 ,  g i s  d i f f e r e n t i a b l e  
on U. S i n c e  g ' ( z )  = f ( z )  f o r  z e U-A, and g '  i s  c o n t i n u o u s ,  
we h a v e  f ( z )  = g ' ( z )  f o r  a l l  z e U. Thus f  i s  d i f f e r e n t i a b l e  
on U.
Remark 3 . 1 ,  Theorem 3 ,4  g i v e s  a n e c e s s a r y  b u t  n o t  
s u f f i c i e n t  c o n d i t i o n  f o r  f  t o  be  d i f f e r e n t i a b l e  on U, The 
f o l l o w i n g  e x a m p l e ,  d u e  t o  D e n jo y  ( c f .  [ 3 ] ,  p .  3 3 ) ,  i s  
a n a l o g o u s  t o  f u n c t i o n s  met i n  p o t e n t i a l  t h e o r y .  L e t  H be  
a c o m p a ct  s e t  s u c h  t h a t  m(H) > 0 .  For x e K, l e t  Fx ( z )  = 
( z - x ) ' 1 f o r  z e K -  f x ) ,  and l e t  Fx ( z )  = 0 f o r  z -  x . L e t  
R be  a c i r c u l a r  r e g i o n  c o n t a i n i n g  H. Then f o r  x e R,
/ H |F X | dm < / R |F X | dm = f R ^  f t t x p z )"1 d m ( z )
= f £ R )  r C / 0 8n 1/ r  d e ]  d r  = 2 tt&(R) .
Thus / H Fx dm e x i s t s  f o r  x e H. For x e K-H, t h e  e x i s t e n c e  
/ h  18 o b v i o u s .  For  x e K, l e t  f ( x )  = / „  F dm.
11 * xi X
S u p p o se  x Q e K-H, and x ^ , X g „ . . .  i s  a s e q u e n c e  o f  p o i n t s  
d i s t i n c t  from x 0P c o n v e r g i n g  t o  x 0 . Then t h e  s e q u e n c e  o f
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f u n c t i o n s  w h ere  6^ 2 ) = ( x n- z ) / ( x Q- z ) f o r  n e ui,
z  £ H, c o n v e r g e s  u n i f o r m l y  to  t h e  f u n c t i o n  g Q, w h er e  g Q( z )  =
( x 0- z ) " 2 f o r  z e H. Then l l m  / H g n dm = / rf g 0 dm. Now
n —►oo
[ f ( x n ) - f ( x 0 ) X x n'-x0 ] ~ 1 = ( x n- x o )~1 / H [ ( x n- z ) _1 -  ( xq- z T1 ] ^
Thus 11 it [ f ( x n ) -  f  (x  ) ] ( x  - x Q) = / H g dm. Thus f  I s
n-^oo
d i f f e r e n t i a b l e  a t  x ,  and h e n c e  f  l a  d i f f e r e n t i a b l e  on  K -  H.
L e t  x e H, e > 0 ,  Rx t h e  c i r c u l a r  r e g i o n  w i t h  c e n t e r  
x and r a d i u s  £ / l f t n ,  f-^(y)  = / rhh Fx dm’ '4nd = ^H-R
Fx dm f o r  y e  K. Then f  = f^  + f 2 , a n d | f ^ ( y ) |  < 2nf»(R) = 
e / 4  f o r  a l l  y c R. S i n c e  f 2 l e  d i f f e r e n t i a b l e  on R and h e n c e  
c o n t i n u o u s  on R, t h e r e  e x i s t s  an open  s e t  S c R, s u c h  t h a t  
x e S and | f ( y )  -  f ( x ) |  < e / 2  f o r  y e S .  Then f o r  y e S ,
I f ( y ) -  f ( x ) |  = I f x ( y ) + f 2 ( y )  -  f i ( x ) - f 2 ( x )l  < I f x ( t ) I
+ | f  ( x ) |  + | f 2 ( y )  -  f 2 ( x ) |  < e / 4  ■+ e / 4  + e / 2  = e .  Thus f
I s  c o n t i n u o u s  on K.
Now f o r  x e K-H, | f ( x ) |  < m( H) / f c ( x , H) ,  and h e n c e  l l m
x-*oo
f ( x )  = 0 .  For  x e K, x f ( x )  = / H x / ( x - z )  dm = / H ( l - z / x )- 1  dm,
and h e n c e  l l m  x f ( x )  = m(H) > 0 .  Thus f  I s  n o n - c o n s t a n t  
x -» oo
on K-H. S i n c e  A ca n  be  r e a d i l y  t a k e n  s o  t h a t  m(A) > O, we 
h a v e  t h e  d e s i r e d  e x a m p l e .
We n o t e  t h a t  D e n jo y  ( c f .  [ 3 ] ,  p .  dO) has  a l s o  g i v e n  
an e x a m p le  o f  s u c h  a n o n - d l f f e r e n t l a b l e  f u n c t i o n ,  i n  t h e  
c a s e  when m(A)  = 0 .
Theorem 3 . 5 .  L e t  A be  an a r c  i n  TJ w i t h  e n d p o i n t s  a and 
b su c h  t h a t  A Pi C = f a , b ) ,  and f  a map o f  TJ s u c h  t h a t  f  I s
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d i f f e r e n t i a b l e  on U-A. Then i f  f  i s  o f  bounded  v a r i a t i o n  on  
A, f  i s  d i f f e r e n t i a b l e  on U, and t h e r e  e x i s t s  a d i s c r e t e  
s e t  G c  U , su c h  t h a t  A -  G -  C i s  t h e  u n i o n  o f  a c o u n t a b l e  
c o l l e c t i o n  o f  r e c t i f i a b l e  open s u b a r c s  o f  A.
P r o o f . S i n c e  f  I s  o f  bounded v a r i a t i o n  on  A, f  i s  an 
Ma f u n c t i o n .  Hence m [ f ( A ) ]  = 0 ,  and f ( A )  i s  n o w h e r e  d e n s e  
I n  K. O m m ltt lng  t h e  t r i v i a l  c a s e  when f  i s  c o n s t a n t ,  we h a v e  
t h a t  f  i s  l i g h t  ( c f .  [ 9 ] ,  p p .  9 3 - 9 5 )  s o  t h a t ,  from Theorem  
1 . 1 1 ,  f  I s  an open  map on U. L e t  p e  U. Then from t h e  p r o o f  
o f  Theorem 1 . 1 1 ,  t h e r e  e x i s t s  a s i m p l e  c l o s e d  c u r v e  T £ U, 
s u c h  t h a t  r ^ - f t p )  n T = 0, and f " ^ f ( p )  n I ( T )  i s  f i n i t e .  Thus 
f j u  h a s  t h e  ' ' s c a t t e r e d  I n v e r s e  p r o p e r t y "  ( c f .  [ 9 ] ,  p .  8 3 ) .  
Making u s e  o f  r e s u l t s  o f  S t o i l o w  ( c f .  [ 9 ] ,  p p .  8 6 - 8 8 )  c o n c e r ­
n i n g  l i g h t  open  m aps,  we s e e  t h a t  f  i s  " l o c a l l y  e q u i v a l e n t  
t o  a p o w er  mapping" on U, and h e n c e  t h e r e  e x i s t s  a d i s c r e t e  
s e t  G t- u ,  s u c h  t h a t  i f  x e U-G, t h e r e  e x i s t s  a c i r c u l a r  
r e g i o n  Rx t. u ,  w i t h  c e n t e r  x ,  s u c h  t h a t  f | R x l e  o n e - t o - o n e .
L e t  and Dg be  t h e  c o m p o n e n ts  o f  U-A. The l i g h t n e s s  
and o p e n n e s s  o f  f | U  c a n  a l s o  b e  d e d u c e d  from  a t h e o r e m  o f  
T i t u s  and Young ( c f .  [ ? ] )  w h ic h  makes u s e  o n l y  o f  t h e  f a c t  
t h a t  f | I s  l i g h t  and o p e n ,  f o r  i  = 1 , 2 ,  and t h a t  f ( A )  
i s  n o w h ere  d e n s e  i n  K.
L e t  x e A -  C -  G. Then s i n c e  5^ i s  hom eom orphlc  t o  
TJ f o r  i  = 1 , 2 ,  t h e r e  e x i s t s  a s i m p l e  c l o s e d  c u r v e  T c  U, 
s u c h  t h a t  s e t t i n g  3 = I ( T ) ,  we h a v e  t h a t  B = "§ n A i s  an 
a r c  i n  S w i t h  e n d p o i n t s  a and b ,  s u c h  t h a t  B 0 T = ( a , b ) ,
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and t h a t  f Q = f ) S  I s  a hom eom orphlsm . Than from Thaoram ^ 2 ,  
f (J“1 i s  d i f f e r e n t i a b l e  on f ( S )  -  f ( B ) .  S i n c e  c l e a r l y  f ( B )  
i s  a r e c t i f i a b l e  a r c ,  from Theorem 3 . 4 ,  i s  d i f f e r e n t i a b l e
on f ( S ) ,  and h e n c e  from Theorem 2 . 2 ,  f Q I s  d i f f e r e n t i a b l e  
on S .  Thus f  i s  d i f f e r e n t i a b l e  on U-G.  Then from Theorem
2 . 3 ,  f  i s  d i f f e r e n t i a b l e  on  U.
L e t  x e A -  C -  G, and d e f i n e  T , S , B  a s  a b o v e .  Then from
Theorem 3 . 2 ,  f  “ 1 i s  a  P„ f u n c t i o n .  P a r a l l e l i n g  t h e  a r g u m e n tsO Q
i n  t h e  p r o o f  o f  Theorem 3 . 1 ,  we s e e  t h a t  e a c h  s u b a r c  o f  B-T 
i s  r e c t i f i a b l e .  I n  p a r t i c u l a r ,  t h e r e  e x i s t s  an o p en  su b a r o  
Ax c o n t a i n i n g  x s u c h  t h a t  A  ^ c  B, and Ax i s  r e c t i f i a b l e .
Thus [Ax ) x cA_ c_ g i s  t h e  d e s i r e d  c o l l e c t i o n  o f  open  s u b a r e a .
We n o t e  t h a t  i f  f  I s  a c o n t i n u o u s  f u n c t i o n  on  U, and f  i s  
d i f f e r e n t i a b l e  on  U-A, t h e n  from Theorem 3 . 4 ,  f  I s  d i f f e r e n t i ­
a b l e  on  U G, a n d ,  from Theorem 2 . 3 ,  f  i s  d i f f e r e n t i a b l e  on U.
Remark. 3 . 2 .  L e t  A be  an a r c  and f  a map o f  K, s u c h  t h a t
f  i s  n o n c o n s t a n t  and d i f f e r e n t i a b l e  on  K-A, and a = l i m
x —*>oo
f ( x )  e x i s t s .  Then from Theorem 1 . 1 4 ,  f ( A) = f ( K ) .  Now f |K - A  
i s  an o p en  map and h e n c e  f ( K- A)  i s  o p e n  i n  K. Thus f ( A ) i s  
n o t  n o w h ere  d e n s e  i n  K. I f  i n s t e a d  o f  t h e  h y p o t h e s i s  o f  
Theorem 3 . 5 ,  we r e q u i r e  t h a t  f ( A )  be  n o w h ere  d e n s e ,  t h e n  a s  
i n  t h e  p r o o f  o f  Theorem 3 . 5 ,  we a r e  r e d u c e d  t o  t h e  c a s e  
w h e r e  f  i s  a hom eom orphlsm . I t  I s  n o t  y e t  known w h e t h e r  
t h i s  l a t t e r  c o n d i t i o n  I s  s u f f i c i e n t  t o  I n s u r e  t h a t  f  i s  
d i f f e r e n t i a b l e  o n  U ( o f .  [ ? ] ) .
Remark 3 . 3 .  F u n c t i o n s  o f  t h e  form  d i s c u s s e d  i n  Remark
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3 , 1  may b e  o b t a i n e d  I n  a n a t u r a l  m anner  from c o n s i d e r a t i o n
o f  f u n c t i o n s  d i s c u s s e d  i n  Theorem s 3 . 4  and 3 . 5 .  S u p p o s e  A
i s  a co m pac t  s u b s e t  o f  U, and f  I s  a map o f  TJ, su c h  t h a t  f
I s  d i f f e r e n t i a b l e  on  U- A.  Now t h e r e  e x i s t s  0  < r Q < 1 ,  s u c h
t h a t  A c  ur Q« Pi*0 ® t h e  p r o o f  o f  Theorem 2 . 8 ,  t h e r e  e x i s t
d i f f e r e n t i a b l e  f u n c t i o n s  f  on  TJ and h on K - U- , s u c h
1 o
t h a t  f ( z )  = g ( z )  + h ( z )  f o r  z e U -  TJ- , and 11m h ( x )  =
°  x—^ ao
0 .  L e t  f 0 ( z )  = h ( z )  f o r  z e K -  TJj.^, and f Q( z )  = f ( z )  -  g ( z )  
f o r  z e TJ_ . Then f_  i s  c o n t i n u o u s  on  It, l i m  f _ ( jc ) = 0 ,* A U \J
°  X—*-00
f Q i s  d i f f e r e n t i a b l e  on  K- A,  and f ( z )  = f 0 ( z ) + g ( z )  f o r  
z  e U .
We now t a k e  A t o  b e  an a r c .  I f  f  I s  d i f f e r e n t i a b l e  on  
K, t h e n ,  from  t h e  p r o o f  o f  Theorem 3 . 5 ,  ^qCa)  i s  t h e  u n i o n  
o f  a c o u n t a b l e  c o l l e c t i o n  o f  a r c s  ana p o i n t s ,  and h e n c e  
f G( A) i s  a f i r s t  c a t e g o r y  s e t  i n  K, and t h u s  i s  n o w h e r e  d e n s e  
i n  K. From Theorem 3 . 2 ,  f Q m ust  be  c o n s t a n t ,  and h e n c e  f 0 =
0 .  Thus a n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  t h a t  f  be  
d i f f e r e n t i a b l e  on U, i s  t h a t  f Q = 0 .
CHAPTER IV
The p r im a r y  c o n c e r n  o f  t h i s  c h a p t e r  l a  t h e  c h a r a c t e r i z a ­
t i o n  o f  p o i n t  s e t s  I n  K c a l l e d  " e x c e p t i o n a l  s e t s " ( c f .  D e f .  4 . 1 ) .  
The p r i n c i p l e  e f f o r t  I n v o l v e d  I s  t h e  p r o c e e d i n g  from an  
a n a l y t i c  c h a r a c t e r i z a t i o n  ( u s i n g  p o l n t w l s e  bounded c o l l e c t i o n s  
o f  a n a l y t i c  f u n c t i o n s )  t o  a p u r e l y  p o i n t - t h e o r e t J c  t o p o l o g i c a l  
c h a r a c t e r i z a t i o n .  We make u s e  o f  a p o l y n o m i a l  a p p r o x i m a t i o n  
Theorem o f  Walsh ( c f .  Th.  4 . 1 )  t o  o b t a i n  p o l y n o m i a l s  h a v i n g  
c e r t a i n  d e s i r e d  " c o n t o u r s "  ( c f .  Th . 4 . 2 ) .  U s in g  t h e s e  p o l y ­
n o m i a l s  we c o n s t r u c t  t h e  d e s i r e d  s e q u e n c e s  o f  a n a l y t i c  
f u n c t i o n s  ( c f .  Th.  4 . 3 ) .
D e f l n l t l o n  4 . 1 .  L e t  E c  M c S be  s u b s e t s  o f  I  and F a 
c o l l e c t i o n  o f  f u n c t i o n s  d e f i n e d  on 3 .  E i s  c a l l e d  t h e  
e x c e p t i o n a l  s e t  o f  F w i t h  r e s p e c t  t o  N, I f  E l a  t h e  s e t  o f  
a l l  p o i n t s  x e Mt s u c h  t h a t  f ( Vn S )  i s  unbounded f o r  a l l
o p e n  s e t s  V c o n t a i n i n g  x .  We s h a l l  w r i t e  E = E( F„M) .
Lemma 4 . 1 .  L e t  M be  a c o m p a c t  s e t  and f  a c o n t i n u o u s  
f u n c t i o n  on H = N U I ( M)  I n t o  s u c h  t h a t  f  I s  an o p en  map 
on I ( M ) .  Then f o r  x e I ( M ) P | f ( x ) |  < s u p ^ M  | f ( t ) | .
P r o o f .  We o b s e r v e  t h a t  s i n c e  H i s  c o m p a c t ,  f ( H)  i s  
c o m p a c t .  S i n c e  f £ l ( H ) ]  i s  o p e n  i n  Kp t h e  lemma f o l l o w s  
t r i v i a l l y .
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I f  g l a  ft n c n ~ c o n s t a u L  d i f f e r e n t i a b l e  f u n c t i o n  d e f i n e d
on a c o n n e c t e d  open  a e t  c o n t a i n i n g  H, t h e n  g l a  an op en  
map on V and h e n c e  Lemma 4 . 1  a p p l i e s  t o  g .
The f o l l o w i n g  th e o re m  l a  d u e  t o  J .  L. Walah ( c f .  [ 8 ] ,  
p .  3 8 )  and a h a l l  be s t a t e d  w i t h o u t  p r o o f .
Theorem 4 . 1 .  L e t  G be  a s i m p l e  c l o s e d  c u r v e  I n  K 
c o n t a i n i n g  t h e  p o i n t  0 i n  I t s  i n t e r i o r ,  and f  a map o f  G.
Then f o r  e v e r y  e > 0 k t h e r e  e x l a t  p o l y n o m i a l s  P and Q su c h  
t h a t  | P ( z )  + Q ( l / z )  -  f ( z ) |  < e f o r  a l l  z e G.
Theorem 4 . 2 .  L e t  A be  an a rc  w i t h  e n d p o i n t s  1 and y ,
s u c h  t h a t  A -  f l )  c. U. Then I f  e >Of 6 > O, N > 0 ,  and v >
1 ,  t h e r e  e x l B t s  a p o l y n o m i a l  P and a p o i n t  t  e Uv , s u c h  t h a t  
f i [ I * l ( z ) » A]  > 6 I m p l i e s  | F ( z ) |  < e f o r  a l l  ?. e U , | t - y |  <
and | P( t ) | > N. ( F o r  d e f i n i t i o n  o f  "P ( z ) M c f .  I n t r o d u c t i o n . )
P r o o f . L e t  r > v y W = A U [ l o i r ] ,  and h a homeomorphlam
o f  TJ o n t o  Ur s u c h  t h a t  h ( [ 0 , l ] )  = Wf w h er e  f o r  v ,w  e K,
[ v , w ]  d e n o t e s  t h e  l i n e  s e g m e n t  w i t h  e n d p o i n t s  v and w. h 
may be o b t a i n e d  by e x t e n d i n g  W t o  an a r c  WQ I n t e r s e c t i n g  
lJr In e x a c t l y  two p o i n t s ,  and by t h e n  p a r a l l l n g  a r g u m e n ts  
i n  t h e  p r o o f  o f  Theorem 1 . 3 .  To s i m p l i f y  t o p o l o g i c a l  
c o n s i d e r a t i o n s  o n e  may c o n s i d e r  a l l  a r c s  m e n t io n e d  t o  b e  
p o l y g o n a l .
Now h“ 1 (Uy ) l a  a c o m p a c t  s u b s e t  o f  U, and h e n c e  t h e r e  
e x i s t s  0 < r Q < 1 , s u c h  t h a t  h~^(TJy ) c  ^ r 0 * S i n c e  h i s  
u n i f o r m l y  c o n t i n u o u s ,  t h e r e  e x i s t s  w > 0 , w < r 0 / 2 , s u c h
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t h a t  | u - v |  < w I m p l i e s  | h ( u )  -  h ( w ) |  < 6 f o r  a l l  u , v  e TJ.
L e t  x-  ^ = -w + x g = - w ,  Xj  = 1 „ x 4 ~  w -  w2 + i w ,
x 5 -  w,  and xfl = w + 1V r 0 ^ -w ^ .  L e t  GQ b e  t h e  s u b a r c  o f  Cr o  
w i t h  e n d p o i n t s  x^ and xfi n o t  c o n t a i n i n g  i r Q and G t h e  s i m p l e
g
c l o s e d  c u r v e  GQ U U-^  [ x ^ f X j + i ] .  C l e a r l y  x Q = i ( l  + r 0 ) / 2  l i e s  
I n  1 ( G ) .
L e t  g  be  a map o f  h ( G ) ,  s u c h  t h a t  g ( z )  = 0 f o r  a l l  z e 
h ( G)  ~ h ( [ x 4 »x6 ] ) ,  and | g ( a ) |  > 2  f o r  some p o i n t  a e h ( [ x 4 , x 5 ] ) .  
Prom Theorem 4 . 1 ,  t h e r e  e x i s t s  a d i f f e r e n t i a b l e  f u n c t i o n  f  
on K -  ( h ( x Q) )  s u c h  t h a t  | f ( x )  -  g ( x ) |  < 1 f o r  a l l  x e h ( ( G ) .  
Then | f ( x ) |  < 1 f o r  a l l  x e h( G)  -  h l [ x 4 , x 6 ] J ,  and | f ( a ) |  > 1 .
I f  m -  -w + i w s n = w + l w ,  G^ = GQ U [ x - j ^ x g ]  U [ x g t x &] 
u Cx 5 *x e L  &nd °2  = G0 u U C“ »n]  U [ n , x fl ] ,  t h e n  G 1
u T{G2 ) and x Q i  I ( a g ) .  I f  M^  = BUPxeh[ITG^™)" and M2
-  8UP x e h [ l ( G 2 ) ]  t h e n ,  from  Lemma 4 . 1 ,  t h e r e  e x i s t s
b e h( G^)  and t  e h ( G g ) ,  s u c h  t h a t  | f ( b } |  = and | f ( t ) |  =
Mg.  Now a e l [ h ( G g ) ]  and h e n c e  | f ( t ) |  > | f ( a ) |  > 1 .  C o n s e q u e n t l y  
t  e h ( [ m , n ] ) .
S u p p o s e  Mj > Mg. Then | f ( b )  > 1., and h e n c e  b e h ( Cx g X&J)  
t  l [ h ( G g ) ] .  B u t  t h e n  = | f ( b ) |  < | f ( t ) |  = Mg. Thus <
Mg. I f  f o r  x e Ur , f Q( x ) = 2 f ( x ) / ( M 1 + Mg) ,  t h e n  | f Q( x ) |  < 
2M1/ ( M 1 + Mg) < 1 f o r  a l l  x e h [ I T 2 ^ T ]  and | f Q( t J I  > 1 .  T h er e  
e x i s t s  n e uj, s u c h  t h a t  | f 0 ( t ) | 2 > N + e / 2  and | f Q( x J | n < e / 2  
f o r  a l l  x e
T h e r e  e x i s t s  a p o l y n o m i a l  P s u c h  t h a t  | P ( x )  -  f Q( x ) n |
<: e / 2  f o r  a l l  x e Uv . I f  x i s  a p o i n t  o f  s u c h  t h a t  6 ( P i ( x ) ,
A) >  5 ,  t h e n  ft(x„W) > f> and h“ ^"(x) e TJr  . Now i f  ft[h“ ^ ( x ) ,— 1 u
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[ 0 , l r o ] ]  < w,  t h e n  6 ( x , A )  < 6.  Thus x e h f 1 ( 0 ^ ) ] t | f Q( x ) n | < 
e / 2 ,  and c o n s e q u e n t l y  | P ( x ) |  < e .  S i n c e  | P ( t ) |  > N,  P I s  t h e  
d e s i r e d  p o l y n o m i a l .
Theorem 4 . 3 .  L e t  E c  TJ. Then t h e  f o l l o w i n g  s t a t e m e n t s  
a r e  e q u i v a l e n t :
1 .  E = E(P,TJ) f o r  some p o i n t w l s e  bounded c o l l e c t i o n  P 
o f  ope n  maps o f  a  s e t  3 c o n t a i n i n g  TJ.
2 .  E I s  s u c h  t h a t ;
a .  E I s  c o m p a c t .
b .  Each co m p o n en t  o f  E I n t e r s e c t s  C.
c .  T h ere  e x i s t s  a s e q u e n c e  S^— Sgr?  . . .  o f  o p e n
00 ,
s e t s ,  s u c h  t h a t  0^ Sn = 0 ,  and E -S n I s  I t s  own 
o u t e r  b o u n d a r y  f o r  n e u>.
oo
3 .  T h er e  e x i s t s  a  s e q u e n c e  o f  p o l y n o m i a l s  P = ( p n^n=l*
/ ) QQ
s u c h  t h a t  (Pn  ( E ) l n=i  c o n v e r g e s  t o  0 f o r  a l l  z  e
TJ, p = 0 , 1 , . . . ,  and s u c h  t h a t  E = E(P,TJ).
P r o o f . We f i r s t  p r o v e  t h a t  1 I m p l i e s  2 .  S i n c e  TJ i s  
c l o s e d ,  E i s  c l o s e d .  S u p p o s e  M i s  a  c o m p o n e n t  o f  E s u c h  t h a t  
M c U. Then,  from t h e  Z o r e t t i  Theorem , t h e r e  e x i s t s  a  s i m p l e  
c l o s e d  c u r v e  G s u c h  t h a t  M c  1 ( G ) ,  6 ( x , M)  < 6( M, C)  f o r  a l l
x c G, and G n E = 0 . H ence  G c. U. S i n c e  1 ( g ) c o n t a i n s  a
p o i n t  o f  E, we h a v e  U f e p f [ l ( ® ) ]  i s  u n b o u n d e d .  B u t  t h e n  by  
Lemma 4 . 1 ,  U fe jr f ( G )  i s  u n b o u n d e d ,  and c o n s e q u e n t l y  G 
c o n t a i n s  a p o i n t  o f  E .  Thus a l l  c o m p o n e n t s  o f  E I n t e r s e c t  C.
L e t  n e m, and l e t  S ' = {x e TJ | | f ( x ) |  > n f o r  some  
f  e P ) . S i n c e  a l l  e l e m e n t s  o f  P a r e  c o n t i n u o u s ,  Sn * i s  o p e n
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I n  t h e  r e l a t i v e  t o p o l o g y  o f  TL H ence  Sn ' = Sn " n TJ f o r  some
o p en  e e t  Sn " I n  K. L e t  Sn = Sn " n U i„ . ]y n . T r i v i a l l y  Sn+i  c
S f o r  n e (Do n
I f  x e Up t h e r e  e x i s t s  > 0 s u c h  t h a t  | f ( x ) |  < Mx f o r
a l l  f  e F.  Thus x 4 Sn f o r  a l l  n > Mx , n t  (d, and c o n s e q u e n t l y  
ao
r»i Sq = 0 . L e t  n e w ,  and l e t  B = B ( E - S n ) .  S u p p o se  B f  E>Sn 
and l e t  x e [ E - S n ] -  B* Then x e 1 ( B ) . S i n c e  x e E, t h e r e  
e x i s t s  y  e 1 ( B )  and f  e Fp s u c h  t h a t  | f ( y ) |  > n .  P ro a  Lemma
4 . 1 ,  t h e r e  e x i s t s  z e B t s u c h  t h a t  | f ( z ) |  > | f ( y ) |  > n .  But  
t h e n  t  e Sn * Thus B = E~Sn<>
We now show t h a t  2 i m p l i e s  3 .  L e t  X b e  a d e n s e  c o u n t a b l e
CD
s u b s e t  o f  E, and l e t  {x n ] n _^ b e  a s e q u e n c e  In  X, s u c h  t h a t
e v e r y  e l e m e n t  o f  X a p p e a r s  I n f i n i t e l y  many t i m e s  a s  a term  
oo
o f  ( * n } n=i .  F or  n e ujp t h e r e  e x i s t s  a  p o i n t  y n o f  E ( E - S n ) ,  
s u c h  t h a t  | x R -  y | < e / 4 P w h er e  e = l / 2 n . T h ere  e x i s t s  an  
a r c  A w i t h  e n d p o i n t s  x and y n s u c h  t h a t  x e Cs A ~ [ x ]  c  U, 
and Afl (B 'S j j )  = 0 .  From t h e  Z o r e t t i  Theorem, t h e r e  e x i s t s  
a s i m p l e  c l o s e d  c u r v e  G s u c h  t h a t  t h e  c om p onent  M o f  E 
c o n t a i n i n g  x l i e s  I n  1 ( G ) ,  G 0 E = 0,  and a ( z , M)  < s / 2  f o r  
a l l  z e G.  S i n c e  M I n t e r s e c t s  C,, G m ust  I n t e r s e c t  C. Now APG=0, 
o r  ATiG^  0  arid t h e r e  e x i s t s  an a r c  A0 I n  A U G  w i t h  e n d p o i n t s  
y and z ,  s u c h  t h a t  z e C and AQ => f z }  c  u .  Thus t h e r e  e x i s t s  
an a r c  w i t h  e n d p o i n t s  y n and z Q s u c h  t h a t  z Q e C and Aq -  
( z n ] c  U, 6( XpE)  < e / 2  f o r  a l l  x  e A^, and s u c h  t h a t  A^ n 
( E - S n ) = 0.
S u p p o se  f 0 > 0 and e Q < 2”  ^ i n f  { l ,  e p 6(K**Sn , An ) ] .  
v roin Theoi'em 4 . 1 ,  t h e r e  e x i s t s  a p o l y n o m i a l  Pn and a p o i n t
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t n e Ug -  ( E - S n ) ,  s u c h  t h a t  | t n -  J n | < e Q, l pDU n ) |  > n ,  
and s u c h  t h a t  | Pn ( z ) |  < e 0 n+* / n l  f o r  a l l  z e U2 f o r  w h ic h
ftf ( Z ) Pq 3 > 6q •
Now f o r  z  e E-Sn , we h a v e  f t t z , ^ )  > e -  sup [ f t t A^. y)  | 
y £ E-Sn ) > e -  e / 2  > e Q. L e t  Vn = (x  e Ug J x s E -S Q o r
ftfPj ( x ) pK-Sjj] > c ) .  Then f o r  z c VQ, > e Q, and
h e n c e  | Fn ( z ) |  < e Qn+1/ n l . C o n s e q u e n t l y
| f n *P ^ ( x ) |  * | p I ( 2 n l  y 1 / ^  t n i z ) { z - x r P‘ 1d z \
< pt  ( 2 tt1 J'^-tSTTeQjlnf^gD^ | f n ( z ) | / e 0p+1
< p!e0"Preon+1/ n ! ]
< e Q < e = 1 / 2 ° ,
f o r  x c TJ n Vn , and p = 0 , 1 , . . . , n ,  w h er e  Dx I s  t h e  c i r c l e  
w i t h  c e n t e r  x and r a d l u e  ec .
L e t  x e TJ-E and p = 0 , 1 , . . .  L^ . d e n o t e s  t h e  I n t e r i o r  
o f  t h e  c i r c l e  w i t h  c e n t e r  x and r a d i u s  6 ( x , E ) / 3 .  T h er e  e x i s t s  
N > p s u c h  t h a t  n > N, n e w ,  I m p l i e s  2“ n < 6 ( x , E ) / 2 ,  and 
t h u s  &[P1 ( y ) , E - S n ] > 6 [ P 1 ( y ) , E ]  > 6 ( x , E )  -  6 ( x , E ) / 3  > l / 2 n , 
f o r  a l l  y e L . Thus f o r  n > N ,  n e ®,  L ^ n U c V  , andX a ji
c o n s e q u e n t l y  | P n ^P ^ ( z ) |  < l / 2 n f o r  a l l  z c Lx . Thus x { E(P,TJ),
00
w h er e  P d e n o t e s  {Pn ] n = i »  L e t  x e E, and p = 0 , 1 , . . .  Then
t h e r e  e x i s t s  N > p p s u c h  t h a t  n > N, n e ®, i m p l i e s  x e E -Sn ,
  ( p ) n
and h e n c e  x e U n Vn ; and c o n s e q u e n t l y  | f n ( x ) |  < 1 / 2  .
S u p p o s e  a g a i n  x e E. T h er e  e x i s t  < n 2 < . . .  I n  ®,
00 00
s u c h  t h a t  ( ^ n ^ i i r i  c o n v e r g e s  t o  x .  Now { t n  ^ -  x n i } 1=1
c o n v e r g e s  t o  z e r o ,  and i P n ^ t j j  ) | > n^ f o r  1 e ®. Hence
00 ^
f t n i 31 = i  c o n v e r g e s  t o  x ,  and x e E (P ,IJ ) .  Thus E = E(P,TI) ,
and P i s  t h e  d e B l r e d  s e q u e n c e  o f  p o l y n o m i a l s .
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Remark.. S&y E l e  a c o m p a ct  s u b s e t  o f  17 s a t i s f y i n g  
c o n d i t i o n  2 . c  o f  Theorem 4 . 3 .  Then E -3 ^  1 s  t h e  b ou n d a ry  o f  
an o p en  s e t  I n  E and h e n c e  I s  n o w h e re  d e n s e  In  E, f o r  n e m. 
Thus E = U® E -S n I s  f i r s t  c a t e g o r y  I n  E, and h e n c e  E-E l a  
d e n s e  I n  E. S i n c e  E i s  c l o s e d ,  E-E I s  o p e n ,  and h e n c e  E 
i s  now here  d e n s e  I n  E.
Lemma 4 . 2 .  I f  3 ^ 2  3 g 2  . . .  i s  a  s e q u e n c e  o f  open
CD ,
s e t a  In  a c o m p a ct  m e t r i c  s p a c e  M s u c h  t h a t  Sn = 0 ,  t h e n
00 -mT = Sjj l a  a  c o m p a ct  n o w h ere  d e n s e  s u b s e t  o f  N.
P r o o f . A s u b s e t  V o f  M 1c a s p h e r i c a l  r e g i o n  I f  t h e r e  
e x i s t s  x t  M and e > 0 ,  s u c h  t h a t  V -  (y  e M | f i ( x , y )  < e ) .  
S i n c e  M I s  a c o m p a c t  H a u s d o r f f  s p a c e ,  T m ust  b e  c o m p a c t .
S u p p o se  t h a t  t h e r e  e x i s t s  a n o n - e m p t y  o p en  s e t  L s u c h  
t h a t  L c  T, and n e ui. Then L c  SQ. Thus L n Sn I s  a n o n ­
empty o p e n  s e t ,  and h e n c e  t h e r e  e x i s t s  a  s p h e r i c a l  r e g i o n  
V, s u c h  t h a t  V c L n S j j C T n s n . Thus i f  T c o n t a i n s  a 
n o n - e m p t y  o p en  s e t  Lq, we may d e f i n e  i n d u o t l v e l y  a s e q u e n c e  
V i #V g , . . .  o f  s p h e r i c a l  r e g i o n s  I n  T, su ch  t h a t  7 n + l  c  Vn c  
f o r  a l l  n e w .  B u t  t h e n  n j ° V n £ 0 ,  s i n c e  M i s  a c o m p l e t e
m e t r i c  s p a c e ,  and n ? °  V c. f l ? S „  = 0 .  H ence T i s  now hereI n  i n
d e n s e  I n  M.
Theorem 4 . 4 .  L e t  E b e  a c o m p a c t  s u b s e t  o f  E ,  s a t i s f y i n g  
c o n d i t i o n  2 , c  o f  Theorem 4 . 3 .  Then f o r  e a c h  c l o s e d  n o n - e m p t y  
s u b s e t  M t  E, t h e r e  e x i s t s  a c o m p a c t  s u b s e t  T o f  M, s u c h  
t h a t  T I s  n o w h e re  d e n s e  I n  t h e  r e l a t i v e  t o p o l o g y  o f  M, and
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s u c h  t h a t  i f  S l a  an open  s e t  i n  K c o n t a i n i n g  T, t h e n  H-3  
i s  i t s  own o u t e r  b o u n d a r y .
P r o o f . F or  n s u>, l e t  R,j = Sn n M. Then RQ 1 a o p en  i n
t h e  r e l a t i v e  t o p o l o g y  o f  M, n® = 0 , and Rn+i  c  Rn f o r
oo _
n e w .  L e t  1 = 0 - ^ ^ .  Then fro® Lemma 4 . 2 ,  T i s  a c o m p a c t  
n o w h e re  d e n a e  s u b s e t  o f  M.
L e t  S b e  an open  s e t  i n  K c o n t a i n i n g  T. Then t h e r e  
e x i s t s  N > 0 ,  Buch t h a t  n > N, n e » f I m p l i e s  c  S ; and 
h e n c e  M-S c  M-Rn c  M -  [sn O M] = M-Sn c; E -S n . S i n c e  E - 8 n
“ Vn “ wn » wl*«re wn = E (E -S n ) ,  we h a v e  M-S c  E -S n c  ^ n " wn»
and h e n c e  M-S = B(M-S) f o r  n > N, n e tu.
Rem ark. Theorem 4 . 4  I s  u s e f u l  i n  e x c l u d i n g  from o u r  
c o n s i d e r a t i o n  c e r t a i n  s e t s  w i t h  t o o  much " f i n e "  s t r u c t u r e .
In  p a r t i c u l a r  we c o n c l u d e  from Theorem 4 . 3 ,  t h a t  no e x c e p t i o n a l  
n e t  c a n  c o n t a i n  t h e  u n i v e r s a l  p l a n e  c u r v e  a s  a  s u b s e t .
Theorem 4 . 5 .  L e t  E  ^ and Eg b e  s u b s e t s  o f  "0 s a t i s f y i n g  
c o n d i t i o n  S o f  Th eo rem 4 . 3 .  Then  E = U Eg a l s o  s a t i s f i e s  
c o n d i t i o n  2 .
P r o o f . From Theo rem 4 . 3 ,  t h e r e  e x i s t  p o i n t w l s e  b o u n d e d  
c o l l e c t i o n s  F  ^ a nd  Fg o f  o p e n  maps o f  U i n t o  K suoh t h a t  
= E(F^,T7) and Eg = E ( F g , U ) .  L e t  x e  E-tJ .  Then x  ^ E i
and x 4 E g , an d  h e n c e  t h e r e  e x i s t  o p e n  s e t s  and Vg,
and p o s i t i v e  numbers M^  and Mg, s u c h  t h a t  x e Vn , and | f ( y ) |
< Mjj f o r  a l l  y e Vn D U,  f  e F , and n = 1 , 2 .  Then | f ( y ) |
<: Mx + M2 f o r  y e  ( V 1  0 V g ) n TJ and f  e F 1  U Fg = F,  and
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c o n s e q u e n t l y  x 4 E ( F , U ) .  S i m i l a r l y  E{F1 ( TJ) U E(F2 ,TJ) c  E( F, t J ) .  
Thus  E = E ( F , U ) ,  and h e n c e  from Theorem 4 . 3 ,  E s a t i s f i e s  
c o n d i t i o n  2 .
Theorem 4 . 6 .  L e t  x Q e U and E a s u b c o n t in u u m  o f  TJ, 
i r r e d u c i b l e  b e t w e e n  x Q and C. Then E s a t i s f i e s  c o n d i t i o n  
2 o f  Theorem 4 . 3 .
P r o o f . T r i v i a l l y  E s a t i s f i e s  2 . a and 2 . b .  L e t  n e -•>,
;3n = [ z  E K | Py ( x 0 ) < Py ( z )  < P y ( x Q) + 1 / n ) ,  and Bn =
B ( B - S n ) .  S u p p o se  Bn ^ E -S n and x e ( E - S n ) -  Bq . L e t  R be
t h e  com p onent  o f  I ( B n ) c o n t a i n i n g  x and D d e n o t e  B( R) .  Then
x e 1 ( D ) .  From t h e  P h r a g m in -B r o u w e r  Theorem ( c f .  [ 9 ] ,  p .  3 2 )
D i s  c o n n e c t e d .  Now by o u r  c o n s t r u c t i o n  x n  e E ( E - S  ) ^2 B _ ^2o n n
D. I f  H and K a r e  s u b c o n t i n u a  o f  E, s u c h  t h a t  H i s  i r r e d u c i b l e
b e t w e e n  C and D, and K i s  I r r e d u c i b l e  b e t w e e n  D and x Q , t h e n
H u D U K i s  a s u b c o n t in u u m  o f  E, i n t e r s e c t i n g  C, c o n t a i n i n g  
x c , and e x c l u d i n g  x .  From t h e  i r r e d u c l b l l l t y  o f  E, we h a v e  
E = H U D U K. But t h e n  x 4 E* Thus Bn = E -Sn , and c o n s e q u e n t l y  
E s a t i s f i e s  c o n d i t i o n  2 . c .
Theorem 4 . 7 .  I f  E c U, t h e n  t h e  f o l l o w i n g  s t a t e m e n t s  
a r e  e q u i v a l e n t :
1 .  E = E ( F , U )  f o r  some p o l n t w l s e  b o u n d e d  c o l l e c t i o n
F o f  o p en  maps o f  U i n t o  K.
2 .  "E s a t i s f i e s  c o n d i t i o n  2 o f  Theorem 4 . 3 ,  and E
i s  c l o s e d  i n  t h e  r e l a t i v e  t o p o l o g y  o f  U.
oo
3 .  T here  e x i s t s  a  s e q u e n c e  P = {Pn } n_i o f  p o l y n o m i a l s ,
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ouch t h a t  E = E ( P , U ) ,  and  ^( z ) c o n v e r g e s
t o  z e r o  f o r  a l l  x e U,  and p = 0 , 1 , . . .
P r o o f ., Wo f i r s t  show t h a t  1 I m p l i e s  2 .  L o t  x e U. Then 
f o r  | x |  < r  < 1 ,  i  e E(P„Ur ) c  E, and h e n o e  from Theorem
4 . 3 .  t h e r e  e x i s t s  a  s u b c o n t l n u u u  o f  E ( F ,U r ) c o n t a i n i n g  
x and i n t e r s e o t l n g  Cp . Then M = U | x |< p <  ^ Mr  I s  a  c o n n e c t e d  
s e t  c o n t a i n i n g  x ,  s u c h  t h a t  ft I n t e r s e c t s  C. Thus ft s a t i s f i e s  
o o n d i t i o n  2 . b  o f  Theorem 4 . 3 .
L e t  x Q e ft fi C. For n e w ,  s e t  Rn= (x  e 0 | | f ( x ) |  > n
f o r  some f  e F ] . Then R ^ x  c  R^, R^ i s  o p e n ,  and R^ -
0 .  L e t  S,j = Rn  U (U -  f l x - l / n >  U ( 1 ^  ~ { x Q} ) ,  w here  1^ I s  
t h e  I n t e r i o r  o f  t h e  c i r c l e  w i t h  c e n t e r  x 0 and r a d i u s  1 / n .
Now Sn I s  o p e n ,  Sn+x c  s n , and n ®  3^ = 0 .  Now f o r  n e u>,
f t - S n - c = l n  T 5 x - l /n  -  = E t F .T J x - i / n )  -  h e n c e
f t -  s n — G I s  I t s  own o u t e r  b o u n d a r y .  Then c l e a r l y  E -S n 
= B { E -S n ) ,  and t h u s  E s a t i s f i e s  c o n d i t i o n  2 . c  o f  Theorem
4 . 3 .  T r i v i a l l y  E I s  c l o s e d  I n  t h e  r e l a t i v e  t o p o l o g y  o f  U.
The p r o o f  t h a t  2 I m p l i e s  3 f o l l o w s  r e a d i l y  from Theorem
4 . 3 .  The p r o o f  t h a t  3 I m p l i e s  1 I s  t r i v i a l .
Theorem 4 . 8 .  L e t  E be  a c l o s e d  s u b s e t  o f  K. Then t h e  
f o l l o w i n g  f o u r  s t a t e m e n t s  a r e  e q u i v a l e n t ;
1 .  K = E (F ,K )  f o r  some p o l n t w l s e  bounded c o l l e c t i o n  
F o f  opem maps o f  K I n t o  K.
2 .  E I s  s u c h  t h a t ;
a .  Each c om p onent  o f  E I s  u n b o u n d ed .
b .  T h er e  e x i s t s  a  s e q u e n c e  o f  o p e n  s e t s  . . .
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s u c h  t h a t  f o r  n e w ,  E - 3 n  i s  I t s  own o u t e r
bou nd ary  (we h e r e  d e f i n e  t h e  o u t e r  b o u n d a ry  o f  a
c l o s e d  b u t  n o t  bounded s e t  a s  t h e  b o u n d a ry  o f
t h e  u n i o n  o f  t h e  unbounded c o m p o n e n ts  o f  I t s
oo ,
c o m p l e m e n t ) ,  and s u c h  t h a t  = 0 .
3 .  E I s  su o h  t h a t ;
a .  For  r  > 0 ,  a l l  c o m p o n e n ts  o f  E n Ur  I n t e r s e c t  Cr .
b .  T h er e  e x i s t s  a s e q u e n c e  o f  o p e n  s e t s  Sg . . .
s u c h  t h a t  f o r  r >  0 ( E n U r ) -  Sn i s  I t s  own
oo ,o u t e r  b o u n d a r y ,  and 3^ = 0 .
oo
4 .  T here  e x i s t s  a s e q u e n c e  o f  p o l y n o m i a l s  P = (Pn ^ n e l r 
su o h  t h a t  E = E ( P , K ) p and {PQ^P ^( z ) } n=^° c o n v e r g e s  
to  0 ,  f o r  z e K f and p = 0 , 1 , . . .
P r o o f . We f i r s t  show t h a t  1 i m p l i e s  2 .  L e t  x e K. Then 
f o r  r  > | x j ,  x e E (F , f t )  & E, and h e n c e  from Theorem 4 . 3 ,  
t h e r e  e x i s t s  a s u b c o n t l n u u ®  Mr o f  E(F,TJr ) c o n t a i n i n g  x and 
i n t e r s e c t i n g  Cr « Then N = Mr  i s  an unbounded c o n n e c t e d
s u b s e t  o f  E c o n t a i n i n g  x „ Thus E s a t i s f i e s  2 . b .
F o r  n e w ,  l e t  Sn = {x e K | | f ( x ) |  > n f o r  some f  * F } .
Then f o r  n e w ,  Sn+  ^ c  3n v s n 18 o p e n ,  and = 0 . L e t
B = B ( E - S _ ) „  S u p p o s e  B  ^ x « (&-S ) -  B .  I f  R i sn ii n
t h e  e o s ip o n e n t  o f  1 ( B )  c o n t i a n i n g  x ,  t h e n  R i s  b o u n d e d .  Row 
u f e F  m u st  b e  u n b o u n d e d .  H en ce  by Lemma 4 . 1 ,  t h e r e
e x i s t s  y  e J?-R c B and f  e F, s u c h  t h a t  | f ( y ) |  > n .  B u t  
t h e n  y e Sn . Thus B = E -S„  and E s a t i s f i e s  2 . b .
The p r o o f  t h a t  2 i m p l i e s  3 i s  o b v i o u s .  The s e q u e n c e
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. .  d e f i n e d  a b o v e  c l e a r l y  s a t i s f i e s  3 . b .
We now show t h a t  3 i m p l i e s  4 .  L e t  X b e  a c o u n t a b l e
d e n s e  s u b s e t  o f  E, and l e t  ( xn ) Q_^° b e  a s e q u e n c e  I n  X, su c h
t h a t  e v e r y  e l e m e n t  o f  X a p p e a r s  I n f i n i t e l y  aany  t i n e s  a s  a
oo
t e r n  o f  f x n 3n= i *  0 < r i  < r 2  < **• b e  a s e q u e n c e  o f
n u m b e rs ,  s u c h  t h a t  xQ e UrQ f o r  n e w .  Then s u p nC(D r Q = cot
From t h e  p r o o f  o f  Theorem 4 . 3 ,  f o r  n e w ,  t h e r e  e x i s t s  a
p o l y n o m i a l  Pn and a p o i n t  t R e K, s u c h  t h a t  | f Q p^ ^ ( z ) |  < 1 / 2 °
f o r  p = 0 , 1 ,  . .  . , n ,  and x e TJ_ , s u c h  t h a t  x e ( E n TJr ) -
1 n +J- n
3 n o r  pr n ^x  ^* ^ ^ r n   ^ > 1/ 2 n » and s u c h  t h a t  |P n ( t n ) |  > n
and | t n -  x Q| < 1 / 3 ° .
oo oo
L e t  n e w  and b e  t h e  s u b s e q u e n c e  o f
ac oo
c o n s i s t i n g  o f  a l l  te r m s  o f  ( " x ^ i - i  l y i n g  i n  tJn . Then {y ^  J ^  =1
I s  d e n s e  I n  Ejj = E n TJ .^ U s i n g  a r g u m en to  I d e n t i c a l  t o  
a r g u m e n t s  I n  t h e  p r o o f  o f  Theorem 4 . 3 ,  I t  f o l l o w s  t h a t  
= l(P,TJn ) ,  and t h a t  (P^  ^( z  ) }  ^ c o n v e r g e s  t o  0 f o r  a l l  x
e TJn and p = 0 , 1 , . . .  Now E -  U® ^  and h e n c e  E = E ( P , K ) ,  and 
t h u s  E s a t i s f i e s  4 .
The p r o o f  t h a t  4 I m p l i e s  1 I s  t r i v i a l .
oo
Remark.. L e t  F = t f n ^ n = l  be  a aeciu e n c e  o f  d i f f e r e n t i a b l e
f u n c t i o n s  on U, c o n v e r g i n g  p o l n t w l B e  t o  0 on U, and l e t  G =
00
[ f n ' J n ^ i *  Then I t  may b e  r e a d i l y  shown t h a t  E ( F ,U )  = E ( G ,U ) .  
H owever  I t  I s  n o t  n e c e s s a r i l y  t r u e  t h a t  G i s  p o l n t w l s e  bounded  
o n  U. We s h a l l  now c o n s t r u c t  an e x a m p le  o f  s u c h  a s e q u e n c e .
F o r  n e w ,  l e t  = [ - 3 , 0 ]  U [ 0 , l / 2 n ] .  Then from Theorem
4 . 2 ,  t h e r e  e x i s t s  a p o l y n o m i a l  Pn and a p o i n t  t n e Ug, su o h
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t h a t  |P n ( z ) |  < l / 2 2n f o r  a l l  z  s Ug s u c h  t h a t  f t tz .A ^ )  > l / 2 2 n ,
and s u c h  t h a t  | P _ ( t ) |  > n,  and | t n -  l / 2 2 n | < l / 2 2 n . NowD D u
t h e r e  e x i s t s  x e UQ, s u c h  t h a t  |P  ( z ) |  < l / 2 n f o r  a l l  z eU o 0
U2 su o h  t h a t  P y ( z )  > py ( xn )» and su ch  t h a t  |P n ( x Q) |  = l / 2 n .
C l e a r l y  P ( 3t ) > 2” n -  2 ~ 2 n , and h e n c e  6 ( [ - 2 , 0 ] , x  ) > 1 / 2 211.
J
Thus we B u s t  h a r e  (x^  -  1 / 3 ® | < 1 / 3 2 ®. C l e a r l y  Py U „ )  <
3 - n + S * 2®.
L e t  y n b e  a p o i n t  o f  Ug auch  t h a t  Px ( y n ) = px ( x n )» and 
P y ( j n ) = 2“ n + 2 ~ 2 n . Then |P n ( y n )l  < l / 2 2 n . Now 0 < | x n -  y n J
< 2 / 2 2 n , and |P n U n ) -  p n ( j n ) l  > “ I V ^ n H  =  2~ “  "
|P R( y n ) |  > 2 ~ n -  2 . B y  t h e  naan v a l u e  t h e o r e *  f o r  r e a l
v a l u e d  f u n c t i o n s ,  t h e r e  e x i s t s  s_  e UD* s u c h  t h a t  P „ ( x  ) <
n  *  j  n
V 8nJ < and IV^n** 21 2'1|Pn(xn) - pn(yn)l*lxn “
y n I* 1 > [ 2 “ n -  2"211] . [ 2 / 2 2 n ] - 1  = 2 n ( 1 -  2” n ) > 2®"1 . Now 
I s n -  xn | < 2 / 2 n » and h e n c e ,  s i n c e  | x n -  l / 2 n | < 1 / 2 211, we 
h a v e  ( s n -  l / 2 n | < 3 / 2 2 n . S i n c e  py ( s n ) > py ( xn )» h a v e  
| P n ( z ) | < l / 2 n f o r  a l l  z e Ug , s u c h  t h a t  py ( * )  > Py ( a f l )*
Por  n e ®, l e t  Qn ( z )  = pn t z + an ) f ° r  a l l  z e K. Then  
f o r  z e TJ we h a v e  | Q _ ( z ) |  < l / 2 2n i f  P ( z )  < P _ ( e n ) ,  a
J J  U
pa g fj
c o n d i t i o n  s a t i s f i e d  w h e n e v e r  Py ( z )  < 0 o r  P ( z )  > 2 + 3 / 2  ,
and we h a v e  ( ( ^ ( z ) !  < l / 2 n w h e n e v e r  py U )  > Py t x n ) " Pyt®n^'  
w h er e  P y ( * n ) -  P y ( s n ) < 0 .  I t  f o l l o w s  t h a t  [Qn ( z ) J n = ^° c o n ­
v e r g e s  t o  0  f o r  a l l  z c TJ, and l i »  | Q _ ' ( 0 ) |  = on
n-wco
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